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ABSTRACT problem of the NSCT (Section 3) and show its effectiveness in im-

) age denoising (Section 4).
In this paper we study the nonsubsampled contourlet transform.

We address the corresponding filter design problem using the Mc-
Clellan transformation. We show how zeroes can be imposed in

the filters so that the iterated structure produces regular basis func-
tions. The proposed design framework yields filters that can be

implemented efficiently through a lifting factorization. We apply w1
the constructed transform in image noise removal where the results
obtained are comparable to the state-of-the art, being superior in
some cases.

(77"7 777)
1. INTRODUCTION

Fig. 1. The idealized frequency partitioning obtained with the
A number of image processing tasks are efficiently carried out in NSCT.
a domain other than the pixel domain, often by means of an in-
vertible linear transformation. This linear transformation can be
redundant or not, depending on whether the set of basis functions
is linear independent. By allowing redundancy, it is possible to 2. THE NONSUBSAMPLED CONTOURLET
enrich the set of basis functions so that the representation is more TRANSEORM
efficient in capturing some signal behavior. Imaging applications

such as edge detection, contour detection, denoising and imagerhe jgea behind a fully shift invariant multiscale directional ex-
restoration can greatly benefit from redundant representations. - pansion similar to contourlets is to obtain the frequency partition-
In the context of multiscale expansions implemented with fil- jnq of Figure 1 without resorting to critically sampled structures
ter banks, dropping the basis requirement offers the possibility of {5t have periodically time-varying units such as downsamplers
an expansion that is shift-invariant, a crucial property in a number 54 upsamplers. The NSCT construction can thus be divided into
of applications. For instance, in image denoising via thresholding g parts: (1) A nonsubsampled pyramid structure which ensures
in the wavelet domain, the lack of shift-invariance causes pseudo-ihe multiscale property and (2) A nonsubsampled DFB structure

Gibbs phenomena around singularities [1]. As a result, most of yhjch gives directionality. Next we describe each part in detail.
the state-of-the-art wavelet denoising routines (see e.g. [2], [3])

use an expansion with less shift sensitivity than the standard max-
imally decimated wavelet decomposition. 2.1. The Nonsubsampled Pyramid
In addition to shift-invariance, an efficient image representa-
tion has to account for the geometry pervasive in natural scenes.The shift sensitivity of the LP can be remedied by replacing it with
The contourlet transform [4] is a directional multiscale transform a 2-channel nonsubsampled 2-D filter bank structure. Such expan-
that is constructed by combining the Laplacian pyramid (LP) and sion is similar to the 1-Da trouswavelet expansion [6] and has
the directional filter bank (DFB) [5]. Due to downsamplers and up- a redundancy off + 1 whenJ is the number of decomposition
samplers present in both the LP and DFB, the contourlet transformstages. The ideal frequency support of the low-pass filter at the
is not shift-invariant. Jj-th stage is the regiop-77, 57] % [—37, 27]- Accordingly, the
The non-subsampled contourlet transform (NSCT) is obtained support of the high-pass filter is the complement of the low-pass
by coupling a nonsubsampled pyramid structure with the nonsub- SUpport region on the- 7%, 575 X [~ 5751, 571 square. The
sampled DFB (Section 2). In this paper we address the filter designProposed structure is thus different from the tensor produicius
algorithm. It hasJ + 1 redundancy. By contrast, the 2-&trous
Thanks to CAPES and NSF for funding. algorithm has3J + 1 redundancy.




Ho(2) Go(2) Eo(2) Eo(2) 2. Construct a mapping functiofi(z) so that the 2-D filters

H' (f(2)), H'"(f(2)), G5 ((2), G (f(2)) sat-
isfy the Bezout identity, have desired frequency response
and satisfy the “zeros” condition (see below).

Hi(z) Gi(z) F1(z) E(z) The 1-D filters are called prototype filters. We restrict our
(@) (b) attention to zero phase FIR designs only. In this case we write
f(z) = flz,y)withz = (21 + 27 ) /2 andy = (22 + 2, 1) /2.
Fig. 2. Two kinds of desired responses. (a) The pyramid desired
response. (b) The fan desired response. 3.1. Zeros of the mapped filters

It is desirable to have zero moments in the mapped filters. For
2.2. The Nonsubsampled Directional Filter Bank the pyramid case, high order zeros.at= 7 andw», = 7 result
in smoothness of the scaling function and wavelet associated with
the iterated filter bank. We point out that for the approximation
of polynomial surfaces, point zeros @tm, +7) would suffice.
However, point zeros alone do not guarantee a “reasonable” fre-
quency response of the pyramid filters. Furthermore, to obtain a
high degree of smoothness, a high number of point zeros is often
needed. By contrast, a small number of line zeras;at 7 and
we = 7 yield a fairly good degree of smoothness. The following
proposition characterizes the mapping function that generates such
Zeros.

The directional filter bank [5] is constructed by combining criti-
cally sampled fan filter banks and pre/post re-sampling operations.
The result is a tree-structured filter bank which splits the frequency
plane into directional wedges.

A fully shift-invariant directional expansion is obtained by sim-
ply switching off the downsamplers and upsamplers in the DFB
equivalent filter bank. Due to multirate identities, this is equiva-
lent to switching off each of the downsamplers in the tree struc-
ture, while still keeping the re-sampling operations that can be ab-
sorbed by the filters. This results in a tree structure composed of

two-channel nonsubsampled filter banks. Proposition 1 Let G(z) be an-th order polynomial withn > 1

and roots{z; }j—, where each; has multiplicityn;. Suppose we

The NSCT is obtained by carefully combining the 2-D non- oo\ 2 D functiorf (z, y) such that

subsampled pyramid and the nonsubsampled DFB (NSDFB) [7].
The resulting filtering structure approximates the ideal partition G (f(z,y) = (z — C)Nz (y — d)Ny r(z,y) @)
of the frequency plane displayed in Figure 1. It must be noted

that, different from the contourlet expansion, the NSCT has a re- wherer(z, y) is a bivariate polynomial. The@!(f(x,y)) has the
dundancy given by? = 37_ 2" where2" is the number of  form in (2) if and only iff(z, ) takes the form

directions at scalg.

flay) =z +@—N (y—d)™ rp(zy) Q)

for some rootz; and withr;(z,y) a bivariate polynomial and
The filter design problem in the proposed NSCT construction can Nz, N, such thatN;n; > N, and Nyn; > N,.
be split into two related parts: (1) design of the pyramid filters
in the NS pyramid and (2) design of the nonsubsampled fan fil- Proof: See [7].
ter bank which constitute the basic building block of the NSDFB.
Figure 2 illustrates these nonsubsampled filter banks and theiride-3 2. |mplementation through lifting.
alized frequency responses. The goal is to design a set of filters

3. FILTER DESIGN

that satisfy the Bezout identity If a set of filters{ Ho(z), H1(z), Go(z), G1(z)} satisfy (1), then
a different solution can be obtained by setti@f(z) = Go(z) +
Ho(z)Go(z) + Hi(z)G1(z) =1, 1) r(z) andH{(z) = Hi(z) — s(z) in which case the Bezout’s rela-

. . . . . tion is satisfied provided that
and, in addition, approximate the ideal frequency responses (Fig.

2.) A nonsubsampled filter bank underlies a frame expansion in Ho(z)r(z) = G1(z)s(z) (4)
¢2(Z?) and the frame is tight whenevét;(z) = H;(z™ '), i =
0,1 [8]. Tight FIR designs often require spectral factorization [8] Consequently, we see thatz) is an FIR function that ha&', (z
which is hard in 2-D. If we relax the tightness constraint then the as a factor sothat(z) = G1(z) f(z) and similarly we have(z) =
design becomes more flexible. In addition, non-tight FIR designs H,(z)g(z). Substituting in (4) we conclude thafz) = f(z). We
can be linear-phase, thus avoiding phase distortion and allowingthen have the following:
for symmetric extension at the boundaries.

A set of 2-D filters satisfying (1) can be constructed with the Proposition 2 Let Ho(z), H1(z), Go(z), G1(z) be FIR 2-D fil-
aid of the McClellan transformation. The design can be summa- ters satisfying the Bezout relation (1). Then, the new filters defined
rized in the following steps: as

1. Construct a set of 1-D polynomiafs "> H{'® G{'?, Gi(z) = Go(z) — G1(2)P(z), H)(z) = Hi(z) + Ho(z)P(z)
G\'P'} that satisfy the Bezout identity. (5)



or

Hy(z) = Ho(z) + Hi(2)U(2), G'(z) = Gi(z) + Go(2)U(2)

(6)
where P(z) and U(z) are 2-D FIR filters also satisfy Bezout's
relation.

Proposition 2 characterizes the NSFB in terms of lifting steps in
the same way as in the critically sampled filter bank. In this con-
text, (5) is a predict operation whereas (6) is the update operation.
Thus, one can construct NS filter banks starting withL.theynon-
subsampled filters given iy, (z) = K, H1(z) = 1— K and then
adding update and predict operators. Figure 3 shows the resulting
ladder structure with one predict and one update step.

In the 1-D case, one can show the above factorization is com-
plete, as a consequence of the Euclidean algorithm for Laurent
polynomials. Moreover, givefly(z) andH, (z), the factorization
is easily computed. For the 2-D case, computing a factorization

is hard as a Euclidean algorithm is absent. When the filters are _. ) ) . i
ig. 4. Design example 1 with maximally flat filters. The nonsubsampled

K pyramid filter bank is almost tight.

>
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factorization of the prototype filters is given by

T—K (1)
( HP (z) ) B <1 aa:) <1 0) (1 w) (K1>
. (1D) -
Fig. 3. Lifting structure for the nonsubsampled filter bank. Hy (@) 0 1 pz 1 0 1 K>

(7
witha=~v=1-+2, 8= %, K1 = K» = —=. Thisimple-
mentation uses 5 multiplies/sample whereas the direct one yields
10 multiplies/sample. Following Proposition 1, we gét:, y) =
—1+42P5 4(x)P2,4(y) using the maximally flat polynomials:

designed via mapping then a factorization can be obtained from
the 1-D filters. Assume without loss of generality that the degree
of the highpass prototype filtei ('™ () is smaller than the de-
gree of H{'® (z). Since there are synthesis filte®§'® (z) and

G\'® () such that Bezout's identity is satisfied, it follows that LN (g

' — N +l-1) —~n 1
ged{ 2™, H'®} = 1. The Euclidean algorithm then allows us ~ £~.2(%) == (1 +2) > ! 27 (1-a).
to write [9] =0

From Proposition 1, each of the resulting highpass filters has a
H® @) | ﬁ( 1 0 ) < 1 qi(x) ) < 1 ) 4-th order zero atvy; = 7 andw» = 7 . The sizes of the filters
B pi(z) 1 0 1 0 Ho(z) andGo(z) are13 x 13 and19 x 19 respectively. Figure 4
shows the obtained frequency responses.
for ¢;, p; polynomials. As a result we can obtain a 2-D lifting fac-
torization by replacinge with the mapping functiory (z,y). In
general, the implementation using predict/update stages halves the
number of multiplications/additions of the direct form. The com-
plexity can be reduced further if the mapping filter is separable.
The next example illustrates the main points of this section.

1=0

Example 1 We construct the prototypes to each have one zero at
x = —1 and minimize the mean square distance of their coeffi-
cients. This ensures that the underlying frame in the NSFB is close (a) Fo(z) (b) Eo(z)
to being tight. We get

1 Fig. 5. Fan filters designed with prototype filters of Example 1 and dia
HélD)(x) = 5(1’ +1) (\/5 +(1— \/5)96) mond maximally flat mapping filters.

and
1 3.3. Fan Filter Design
G @) = S @+ 1) (V24 (4 -3V + V2 - 8)a) . g
Similar to the pyramid case, due to lack of factorization tools we
To guarantee the response of the high-g)ass filters we imposeresort to non-tight solutions obtained through mapping. Thus, the
H (2) = H{"® (—2) andG{'® (z) = G{'®(—z). The lifting methodology is similar to the pyramid case, the distinction being



[ “Lena” PSNR (dB) ]
o Noisy | SlI-AdaptShr [2] | BivShrink [3] | NSCT
10 28.13 - 35.34 35.38
15 24.65 33.37 33.67 33.67
20 22.13 32.08 32.40 32.43
25 20.17 31.13 31.40 31.45
30 18.63 - 30.54 30.64
“Barbara” PSNR (dB)
o Noisy | SlI-AdaptShr [2] | BivShrink [3] | NSCT
10 28.17 - 33.35 33.98
15 24.65 31.11 31.31 31.94
20 22.15 29.49 29.80 30.51
25 20.22 28.30 28.61 29.40 (b)
30 18.63 - 27.65 28.49

Fig. 6. Image Denoising with the NSCT. (a) Denoised "Lena” im-
age using the NSWT, PSNR = 31.92dB. (b) Denoised with NSCT,
PSNR=32.43dB.

Table 1. Denoising results for various soft-threshold estimators.

the mapping function. A useful family of mapping functions in this
context is the maximally flat diamond one. The fan shaped map-
ping can be obtained from the diamond one by a simple change
of variables. The maximally flat diamond mapping polynomial is In this paper we have addressed the filter design problem of the
obtained by imposing flatness at the poiftsy) = (1,1) and NSCT and applied the construction in image denoising. The de-
(z,y) = (0,0). For instance, with the same prototypes of Ex- sign methodology proposed also allows for a fast implementation
ample 1, we use a maximally flat mapping to obtain the fan fil- through lifting factorization which halves the number of opera-
ters Fy(z) and Ey(z) shown in Figure 5. The other filteis, (z), tions when compared to the direct form. The proposed transform
E1(z) are modulated versions dfy(z), Eo(z). The sizes of structure with the new designed filters has proven very efficient in
Fy(z) andEy(z) are 21x 21 and 31x 31 respectively. noise removal surpassing the undecimated discrete wavelet trans-
form and being comparable (sometimes superior) to other state-

5. CONCLUSION

ofthe- art denoising methods.

4. DENOISING EXPERIMENTS

In other to illustrate the potential of the NSCT we attempt to re-
move additive Gaussian Noise (AWGN) of images by means of a [1]
threshold estimator. We perform soft thresholding independently

in each high pass filter output of the NSCT. Following the work in

[2] we choose the threshold locally using [2]
T, Oy
i,J,n — Cijn [3]
whereo; ; » denotes the variance of tleth coefficient at the-th
direction in thej-th scale andr;iij the noise variance in the cor-  [4]

responding subband. We estimate the variances locally using the
neighboring coefficients and a maximum likelihood estimator. The
noise variance in each subband is inferred using a Monte-Carlo[5]
technique where the variances are computed for a few normal-
ized AWGN images and then averaged to stabilize the results. To
benchmark the performance of the NSCT we have used the Bi-[6]
variate shrinkage estimator of [3] which uses a redundant complex
wavelet transform and the context adaptive thresholding estimator
of [2] which uses the nonsubsampled wavelet transform (NSWT). [7]
Table 1 shows the PSNR results obtained for the various methods.
The NSCT performs comparably to the BivShrink estimator for
the “Lena” image and is superior for the Barbara image. Figure 6 [8]
show the denoised “Lena” image obtained with the NSCT and the
NSWT using the same denoising routine. Notice that the NSCT
exhibits a much better reconstruction of edge features thus attest{®]
ing the effectiveness of the proposed transform. Further results
and comparisons can be found in [7].
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