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ABSTRACT

We present the characterization and design of multidimensional oversampled FIR filter banks. In the polyphase
domain, the perfect reconstruction condition for an oversampled filter bank amounts to the invertibility of the
analysis polyphase matrix, which is a rectangular FIR matrix. For a nonsubsampled FIR filter bank, its analysis
polyphase matrix is the FIR vector of analysis filters. A major challenge is how to extend algebraic geometry
techniques, which only deal with polynomials (that is, causal filters), to handle general FIR filters. We propose a
novel method to map the FIR representation of the nonsubsampled filter bank into a polynomial one by simply
introducing a new variable. Using algebraic geometry and Gröbner bases, we propose the existence, computation,
and characterization of FIR synthesis filters given FIR analysis filters. We explore the design problem of MD
nonsubsampled FIR filter banks by a mapping approach. Finally, we extend these results to general oversampled
FIR filter banks.

Keywords: f ilter banks, finite impulse response (FIR), matrix inverse, multidimensional, nonsubsampled,

oversampled, perfect reconstruction, polyphase.

1. INTRODUCTION

Oversampled filter banks are multirate filter banks where the number of channels is larger than the sampling
rate. One particular class of oversampled filter banks is nonsubsampled filter banks without downsampling or
upsampling. The perfect reconstruction condition for an oversampled filter bank is equivalent to a matrix inverse
problem in the polyphase domain. Perfect reconstruction oversampled IIR filter banks have been studied in [1,2]
in the context of control theory. In this chapter, we are interested in perfect reconstruction oversampled FIR
filter banks (that is, all filters are FIR), which are much easier to implement and thus more popular. One-
dimensional (1-D) oversampled filter banks have been investigated in [3–6]. For 1-D oversampled FIR filter
banks, the Euclidean algorithm plays a key role in the matrix inverse problem [4]. However, the Euclidean
algorithm fails for multidimensional (MD) filters.

Algebraic geometry and Gröbner bases are powerful tools for multivariate polynomials [7, 8] and are widely
used in multidimensional signal processing [9–13]. Rajagopal and Potter recently applied algebraic geometry
to compute polynomial matrix inverse [14]. However, the filters they considered are only polynomial or causal
filters, while the filters we consider here are general FIR filters. General FIR filters are more flexible and are used
in many signal processing and communication applications; for example, FIR filters used in image processing are
typically not causal.

To apply algebraic geometry, we need to convert the FIR representation into a polynomial representation.
One direct way to convert FIR filters into polynomial ones is multiplying the FIR filters with a monomial with
high enough degree (equivalent to shifting the origin so that the filters are causal), as in [11]. However, this
approach still needs the prior information or estimate of the shift of the synthesis filters. Park, Kalker, and
Vetterli proposed an algorithm transforming the FIR problem into a polynomial one [15, 16]. However, this
algorithm involves complicated transformation matrices. More comparison on different approaches in dealing
with FIR filters will be provided later.
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In this chapter, we propose a general framework for MD oversampled FIR filter banks using algebraic geom-
etry. We map the FIR inverse problem into a polynomial one by simply introducing a new variable. We first
study particular nonsubsampled FIR filter banks. We propose the existence, computation, and characterization
of FIR synthesis filters. We investigate the nonsubsampled FIR filter bank design problem using the mapping
approach. Based on these results, we then solve the matrix inverse problem for general oversampled FIR filter
banks and propose design methods for oversampled FIR filter banks.

The rest of the paper is organized as follows. In Section 2, we set up the problem and briefly introduce
algebraic geometry and Gröbner bases. In Section 3, we propose the existence, computation, characterization,
and design of synthesis filters of a nonsubsampled filter bank. We extend these results to oversampled filter
banks in Section 4 and draw conclusions in Section 5. Due to the space limitation, we only present the results
in this paper. Please refer to [17] for proofs and design examples.

2. PRELIMINARIES

2.1. Problem Setup

For an M -dimensional (or M -variate) filter h(k), k ∈ Z
M , its z-transform H(z) is defined∗ as

H(z) =
∑

k∈ZM

x(k)zk.

The set of k such that h(k) is nonzero is called the support of h(k) or H(z). A filter is said to be FIR if its
support is finite. If the filter is both FIR and causal, then its z-transform is a multivariate polynomial. We will
refer to such filters as polynomial or polynomial filters. Figure 1 illustrates different supports of two-dimensional
polynomial filters and FIR filters.
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Figure 1. Examples of supports of two-dimensional filters: (a) Polynomial or causal; (b) FIR.

Consider an MD N -channel oversampled filter bank as shown in Fig. 2(a). The sampling rate equals |detD|,
denoted by P . Its polyphase representation is shown in Fig. 2(b). In the polyphase domain, the analysis and
synthesis parts can be represented by an N × P matrix H(z) and a P × N matrix G(z), respectively.

In the polyphase domain, the perfect reconstruction condition X̂(z) = X(z) is equivalent to

G(z)H(z) = I. (1)

One key problem for oversampled filter banks is whether there exists an FIR left inverse given an FIR matrix
H(z) exists and how to find one if it exists. For nonsubsampled filter banks, the analysis polyphase matrix

∗For convenience, we define z-transform so that causal filters are polynomials in z instead of z−1 in the usual definition.
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Figure 2. (a) An MD N -channel oversampled filter bank: Hi and Gi are MD analysis and synthesis filters, respectively;
D is an M × M sampling matrix with sampling rate P = | detD| < N . (b) Polyphase representation: H and G are MD
analysis and synthesis polyphase transform matrices, respectively; {lj}

P−1

j=0
is the set of all integer vectors in FPD(D).

H(z) is just a column vector of synthesis filters and the synthesis polyphase matrix G(z) is just a row vector of
analysis filters. In this case, the condition (1) becomes simpler:

N
∑

i=1

Hi(z)Gi(z) = 1. (2)

We first solve the particular FIR vector inverse problem given in (2) and then extend the results to the general
FIR matrix inverse problem given in (1).

Algebraic geometry and Gröbner bases are powerful tools for multivariate polynomials, but not directly for
FIR filters. To apply these tools, we need to convert the condition (1) for FIR matrices into a condition for
polynomial matrices. One key observation is that we can convert both H(z) and G(z) into polynomial matrices
by multiplying both sides of (1) with a monomial of high enough degree. Then the perfect reconstruction
condition for the FIR matrix in (1) is equivalent to a condition for a polynomial matrix:

G(z)H(z) = zmI, for some integer vector m. (3)

In applications, zm in (3) can be interpreted as a shift or delay, that is, the reconstruction signal is a shifted
version of the input signal. One challenge of this conversion is that we do not know m beforehand. We propose
a novel method to solve this problem by simply introducing a new variable.

2.2. Algebraic Geometry and Gröbner Bases

Algebraic Geometry and Gröbner bases are powerful tools for multivariate polynomials. In the following, we
briefly introduce algebraic geometry and Gröbner bases. For the details, we refer readers to [7, 18,19].

Suppose k = [k1, . . . , kM ] is a nonnegative integer vector, and denote |k| = k1 + · · · + kM . Then zk is a
monomial with degree k and total degree |k|. A monomial ordering on M -variate polynomials is any relation >
on Z

M
+ , for example, the lexicographic order on k. An M -variate polynomial H(z) is a finite linear combination

of monomials:
H(z) =

∑

k∈Z
M

+

h(k)zk.

The maximum k (in terms of a specific monomial ordering) with nonzero coefficient h(k) is called the degree of
H(z). Similarly, the maximum |k| with nonzero coefficient h(k) is called the total degree of H(z), denoted by
deg(H). The ideal generated by a polynomial set {H1, . . . ,HN} is denoted as

〈H1, . . . ,HN 〉
def
=

{

N
∑

i=1

Hi(z)Gi(z), for arbitrary polynomials Gi(z)

}

. (4)
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Figure 3. An MD N -channel nonsubsampled filter bank: Hi and Gi are MD analysis and synthesis filters, respectively.

Therefore, the polynomial inverse problem given in (2) can be formulated into an ideal membership problem:
decide whether 1 belongs to the ideal generated by {H1, . . . ,HN} and if so, find the associated {Gi(z)} in (4).

The univariate membership problem is the well-known Bezout identity problem [20]. If the greatest common
divisor (GCD) of {H1, . . . ,HN} is 1, then the Bezout identity problem has a solution. We can use the Euclidean
algorithm to find the GCD and also a set of {G1, . . . , GN} [21]. However, the univariate GCD criterion fails for
multivariate polynomials. To illustrate this, we give an example.

Example 1 Let H1(z1, z2) = 1 − z1 and H2(z1, z2) = 1 − z2. The GCD of H1(z1, z2) and H2(z1, z2) is 1.
However, there does not exist polynomial synthesis filters G1 and G2 satisfying (2). To check this, consider
(z1, z2) = (1, 1): the left side of (2) equals 0, which cannot equal the right side 1.

The multivariate membership problem can be solved by Gröbner bases. Any set of polynomials can generate
a Gröbner basis so that the ideal generated by the Gröbner basis is the same as the ideal generated by the given
polynomial set. Specifically, given a polynomial set {H1, . . . ,HN}, there exist a Gröbner basis {B1, . . . , Bn} and
an n × N (polynomial) transform matrix {Wi,j(z)} such that

Bi(z) =

N
∑

j=1

Wi,j(z)Hj(z), for 1 ≤ i ≤ n. (5)

Note that the size of the generated Gröbner basis is irrelevant to the size of the given polynomial set.

A set of polynomials may generate many Gröbner bases. However, every generated Gröbner basis can be
reduced into the reduced Gröbner basis, which is unique not only for a given polynomial set, but also for the
generated ideal. Using a procedure similar to the Euclidean algorithm, Buchberger’s algorithm can be used
to compute the reduced Gröbner basis and the associated transform matrix [7]. Buchberger’s algorithm is
implemented by many free computer algebra software such as Macaulay2 and Singular, or commercial software
such as Maple and Mathematica.

3. MULTIDIMENSIONAL NONSUBSAMPLED FIR FILTER BANKS

3.1. Introduction

Nonsubsampled filter banks are particular oversampled filter banks without downsampling or upsampling as
shown in Fig. 3.

The perfect reconstruction condition for nonsubsampled FIR filter banks leads to a vector inverse problem: the
analysis filters {H1, . . . ,HN} are given and FIR, and the goal is to find a set of FIR synthesis filters {G1, . . . , GN}
satisfying (2). In this section, we study the existence, computation, and characterization of synthesis filters. This
problem is simpler than the matrix inverse problem for general oversampled filter banks. Moreover, the solution
to this problem will be used to solve the general matrix inverse problem.



3.2. Existence of Synthesis Filters

We first apply algebraic geometry and Gröbner bases to find the existence condition of polynomial synthesis filters
and then extend these results to the general FIR case. For further discussion, we give the following definitions.

Definition 1 A set of polynomial filters {H1, . . . ,HN} is said to be polynomial invertible if there exists a set of
polynomial filters {G1, . . . , GN} satisfying the perfect reconstruction condition (2).

Definition 2 A set of FIR filters {H1, . . . ,HN} is said to be FIR invertible if there exists a set of FIR filters
{G1, . . . , GN} satisfying the perfect reconstruction condition (2).

Note that Definition 1 extends the perfect reconstruction problem with polynomial or causal filters in Defi-
nition 2 to more general FIR filters.

We first consider the existence condition for polynomial synthesis filters. Using the Weak Nullstellensatz
theorem [18], we obtain an existence condition.

Proposition 1 ([18]) Suppose {H1, . . . ,HN} is a set of M -variate polynomials. Then it is polynomial invertible
if and only if the system of equations

{H1(z) = 0, . . . , HN (z) = 0}

has no solution in the complex field C
M .

Proposition 1 provides an analytical invertibility condition on polynomial analysis filters. It can also be used
as a direct test criterion for simple polynomial sets. However, Proposition 1 is not a practical criterion for general
polynomial sets since it is generally difficult to test whether a system of polynomial equations has a solution in
the complex field. Using Gröbner bases, we obtain the following computational test criterion.

Proposition 2 Suppose {H1, . . . ,HN} is a set of multivariate polynomials. Then it is polynomial invertible if
and only if its reduced Gröbner basis is {1}.

Example 2 Let H1 = z7
1z2 + z2

1 + 1, H2 = z2
1z3

2 + 4z5
2 + 1, and H3 = z8

1z2 + z2
1z2

2 + z5
2 + 4z4

1 + 1. Finding
the common roots for these polynomials is difficult. However, it is easy to compute (using a computer algebra
software mentioned before) its reduced Gröbner basis, which is {1}. Thus by Proposition 2, the polynomial set
{H1,H2,H3} is polynomial invertible.

Either Proposition 1 or Proposition 2 provides a necessary and sufficient existence condition for polynomial
synthesis filters. However, for general FIR synthesis filters, these conditions are not necessary. To illustrate this,
we give an example.

Example 3 Let H1(z1, z2) = z1 and H2(z1, z2) = z2. They have a common zero z = (0, 0) and hence {H1,H2}
is not polynomial invertible by Proposition 1. Also, the reduced Gröbner basis of {H1,H2} is itself and hence
this polynomial set does not satisfy the condition given in Proposition 2. However, let G1(z1, z2) = z−1

1 /2 and
G2(z1, z2) = z−1

2 /2. Then they satisfy (2). In other words, {H1,H2} is FIR invertible.

As mentioned in Section 2.1, we can convert the perfect reconstruction condition (2) for FIR filters into a
condition for polynomials:

N
∑

i=1

Hi(z)Gi(z) = zm, for some integer vector m. (6)

Since we can shift the known FIR analysis filters {Hi} to polynomial filters, without loss of generality, we assume
that the analysis filters are polynomial in this subsection. The problem with solving {Gi} in (6) from given {Hi}
is that we do not know m beforehand. To address this problem, we propose a novel approach to generalize
Propositions 1 and 2 to the general FIR case.



Definition 3 A vector is said to be weak-zero if at least one of its elements is zero.

Theorem 1 Suppose {H1(z), . . . ,HN (z)} is a set of multivariate polynomials. Then it is FIR invertible if and
only if every solution of the system of equations

{H1(z) = 0, . . . , HN (z) = 0} (7)

is weak-zero.

The weak-zero is the extension of one-dimensional zero to the multidimensional cases. In the multidimensional
coordinate system, a vector is weak-zero if and only if it lies on a coordinate plane. Caroenlarpnopparut and
Bose used nontrivial common zero in [11], which is the complement of weak-zero. To illustrate Theorem 1, we
give an example.

Example 4 Let H1(z1, z2) = z1 + z2
2 − 1 and H2(z1, z2) = z1 + z2 − 1. They have only two common zeros,

z = [1, 0] and z = [0, 1], and both of them are weak-zero. By Theorem 1, the set {H1,H2} is FIR invertible.
Actually, G1(z1, z2) = −1 and G2(z1, z2) = z2 + 1 satisfy (6) with m = [1, 1].

Theorem 1 gives a sufficient and necessary condition for the FIR exact synthesis. However, like Proposition 1,
it is not a practical criterion for general sets of multivariate polynomials due to the difficulty of finding common
zeros. Using Gröbner bases, we extend Proposition 2 and obtain a computational test criterion for the existence
of FIR synthesis filters.

Theorem 2 Suppose {H1(z), . . . ,HN (z)} is a set of multivariate polynomials. Then it is FIR invertible if and
only if the reduced Gröbner basis of {H1(z), . . . ,HN (z), 1 − z1 · · · zM+1} is {1}, where z = [z1, . . . , zM ], and
zM+1 is a new variable.

The key in this theorem is the introduction of a new variable zM+1 that maps the FIR inverse into a
polynomial one. Compared to the previously proposed techniques like the ones in [16], it is considerably simpler.
To illustrate Theorem 2, we give an example.

Example 5 Let H1(z1, z2) = 3z1z
6
2 + z6

2 + 6z2
1z3

2 + 8z1z
3
2 − 3z3

2 + 3z3
1 + 7z2

1 + 2 and H2(z1, z2) = z1z
6
2 − 2z6

2 +
2z2

1z3
2 − 2z1z

3
2 + 6z3

2 + z3
1 + 7z1 − 4. Finding the common roots for these polynomials is difficult. However, it

is easy to compute the reduced Gröbner basis of {H1,H2, 1 − z1z2z3} using a computer algebra software. For
example, we use Mathematica to compute it.

In:= H1 = 3 z1 z2^6 + z2^6 + 6 z1^2 z2^3 + 8 z1 z2^3 - 3 z2^3

+ 3 z1^3 + 7 z1^2 + 2;

H2 = z1 z2^6 - 2 z2^6 + 2 z1^2 z2^3 - 2 z1 z2^3 + 6 z2^3 + z1^3

+ 7 z1 - 4;

GroebnerBasis[{H1, H2, 1 - z1 z2 z3}, {z1, z2, z3}]

Out:={1}

Therefore, its reduced Gröbner basis is {1}. By Theorem 2, {H1,H2} is FIR invertible.

3.3. Computation of Synthesis Filters

By Proposition 2, if a set of polynomial analysis filters {H1, . . . ,HN} is polynomial invertible, then its reduced
Gröbner basis is {1}. In this case, we have n = 1 and B1(z) = 1 in (5) and the transformation matrix
[W1,1, . . . ,W1,N ] gives a set of polynomial synthesis filters.



Algorithm 1 The test and computational algorithm for a set of polynomial synthesis filters is given as follows.

Input: a set of polynomial analysis filters {H1(z), . . . ,HN (z)}.

Output: a set of polynomial synthesis filters, if it exists.

1. Use the Buchberger’s algorithm to compute the reduced Gröbner basis of {H1, . . . ,HN} and the associated
transform matrix {Wi,j} as defined in (5).

2. If the reduced Gröbner basis is {1}, then output the set {W1,1, . . . ,W1,N}. Otherwise, there is no solution.

For the general FIR problem, the constructive proof of Theorem 2 leads to an algorithm to compute a set of
FIR synthesis filters.

Algorithm 2 The test and computational algorithm for a set of FIR synthesis filters is given as follows.

Input: a set of M -variate FIR analysis filters {H1(z), . . . ,HN (z)}.

Output: a set of FIR synthesis filters, if it exists.

1. Multiply {Hi(z)} by a common monomial zm0 such that {Hi(z)} are polynomials.

2. Use the Buchberger’s algorithm to compute the reduced Gröbner basis of {H1(z), . . . ,HN (z), 1−z1 · · · zM+1}
and the associated transform matrix {Wi,j(z, zM+1)} as defined in (5).

3. If the reduced Gröbner basis is {1}, then simplify

G = {W1,1(z, z−1
1 · · · z−1

M ), . . . ,W1,N (z, z−1
1 · · · z−1

M )}

and output z−m0G. Otherwise, there is no solution.

Algorithm 2 generates a set of FIR synthesis filters without the prior knowledge of the support of the filters.
Moreover, by changing the order of the set {H1, . . . ,HN , 1 − z1 · · · zM+1} as the input for the Buchberger’s
algorithm, the synthesis filters can be computed with either minimal order or minimum number of coefficients [14].
The following example illustrates this algorithm.

Example 6 Let H1(z1, z2) = z1 +z2
2 −1 and H2(z1, z2) = z1 +z2−1. The reduced Gröbner basis of {H1,H2, 1−

z1z2z3} is {1} and the transform matrix is (−z3, z3 +z2z3, 1). By Algorithm 2, we obtain a set of synthesis filters
{−z−1

1 z−1
2 , z−1

1 z−1
2 + z−1

1 }. It can be verified that this filter set has minimum number of coefficients.

Caroenlarpnopparut and Bose also explored the computation of FIR inverses in the context of two-channel
filter bank design [11]. They compute the reduced Gröbner basis of {Hi} using the Buchberger’s algorithm and
estimate m in (6). To find {Gi}, they use multivariate division algorithm to divide zm by the the reduced
Gröbner basis of {Hi}. Park, Kalker, and Vetterli proposed a mapping method to compute FIR inverses in [16].
They first compute a square FIR invertible transform matrix and transform {Hi} into a vector of polynomial
filters {H ′

i}. Then they compute the reduced Gröbner basis of {H ′

i} and obtain a polynomial inverse {G′

i}.
Finally, they take the inverse transform of {G′

i} to obtain {Gi}. Compared to these two methods, our algorithm
is much simpler.



3.4. Characterization of Synthesis Filters

The set of FIR synthesis filters is not unique for a given set of FIR synthesis filters. Caroenlarpnopparut proposed
a complete characterization of polynomial synthesis filters based on the syzygy method in [12]. In this section,
we propose a simpler characterization that uses a particular set of FIR synthesis filters to characterize all sets
of FIR synthesis filters.

Using the matrix format, we express (2) as

HT (z)G(z) = 1, (8)

where H(z) and G(z) are column vectors of N FIR analysis filters and synthesis filters.

Theorem 3 Suppose H(z) is a given vector of FIR analysis filters and Gp(z) is a vector of FIR synthesis filters
satisfying (8). Then a vector of synthesis filters G(z) also satisfies (8) if and only if G(z) can be written as

G(z) = Gp(z) +
(

I − Gp(z)HT (z)
)

S(z), (9)

where S(z) is an arbitrary column vector of length N . G(z) is FIR if and only if S(z) is FIR.

Theorem 3 characterizes all FIR synthesis filters. In this characterization, the parameter vector S(z) is free,
which can be used to convert the constrained optimization problem into an unconstrained one. Similar results
for general IIR filter banks can be found in [6]. Here we present a stronger result for FIR filters where the free
vector S(z) is also FIR.

3.5. Nonsubsampled FIR Filter Bank Design

The design of nonsubsampled FIR filter banks is much easier than that of critically sampled FIR filter banks.
In the design, we have more freedom. If the set of analysis filters is FIR invertible, then we can compute a set
of synthesis filters using Algorithm 2. Moreover, we can use Theorem 3 to characterize all synthesis filters with
a free vector of FIR filters. We can optimize the synthesis filters by optimizing the free vector.

We can use Theorem 1 or Theorem 2 to test whether a set of analysis filters is FIR invertible. One important
question is: How likely is it that a set of random analysis filters is FIR invertible? Harikumar and Bresler
studied 1-D and 2-D cases in the context of multichannel deconvolution [22, 23]. Using Theorem 1, we convert
this question to another one: How likely is it that a set of random multivariate polynomial equations has only
weak-zero solutions? We first consider the polynomial invertible case. Using algebraic geometry, we have the
following result.

Proposition 3 ([8], Chapter 3) A set of polynomial analysis filters is almost surely polynomial invertible if the
number of filters is larger than the number of dimensions. Otherwise, it is almost surely not polynomial invertible.

We easily extend Proposition 3 to the FIR invertible case.

Proposition 4 A set of FIR analysis filters is almost surely FIR invertible if the number of filters is larger than
the number of dimensions. Otherwise, it is almost surely not FIR invertible.

Based on Proposition 4, if the number of filters (or the number of channels) is larger than the number of
dimensions, then the design is simple. We first design the analysis filters freely and then design the synthesis
filters based on the complete characterization. If the number of filters is equal to or smaller than the number of
dimensions, the design is difficult since the set of analysis filters is almost surely not FIR invertible. We use the
mapping approach [24–27] to solve this problem. The key observation is that the perfect reconstruction condition
(2) still holds after replacing z by an FIR vector in other variables if {Hi} and {Gi} are polynomials in z. We
summarize this design method into the following algorithm.



Algorithm 3 The design algorithm for a nonsubsampled FIR filter bank where the number of channels is not
larger than the number of dimensions is given as follows.

Input: Specifications on the frequency response of {H1(z), . . . ,HN (z)} and {G1(z), . . . , GN (z)}.

Output: A nonsubsampled FIR filter bank.

1. Let y be an (N − 1)-dimensional variable. Design a set of polynomials {H1(y), . . . ,HN (y)} satisfying the
given specifications. This set is almost surely polynomial invertible.

2. Use Algorithm 1 to compute a set of polynomial synthesis filters.

3. Use Theorem 3 to find the complete characterization of polynomial synthesis filters {G1(y), . . . , GN (y)}.

4. Design N − 1 FIR mapping functions F (z) = [F1(z), . . . , FN−1(z)].

5. Optimize {G1(F (z)), . . . , GN (F (z))} according to the given specifications.

6. Simplify and output {H1(F (z)), . . . ,HN (F (z))} and {G1(F (z)), . . . , GN (F (z))}.

4. MULTIDIMENSIONAL OVERSAMPLED FIR FILTER BANKS

4.1. Oversampled Filter Bank Characterization

In this section, we extend the results of MD nonsubsampled FIR filter banks to oversampled ones. As mentioned
in Section 1, the perfect reconstruction condition for oversampled filter banks is equivalent to an FIR matrix
inverse in the polyphase domain.

Definition 4 An N × P multivariate polynomial matrix H(z) is said to be polynomial invertible if there exists
an P × N multivariate polynomial matrix G(z) such that G(z)H(z) = I.

Definition 5 An N × P multivariate FIR matrix H(z) is said to be FIR invertible if there exists an P × N
multivariate FIR matrix G(z) such that G(z)H(z) = I.

The polynomial invertibility problem has been studied in [28,29].

Proposition 5 ([29]) An N × P multivariate polynomial matrix H(z) is polynomial invertible if and only if

1. N ≥ P ;

2. the set of P × P minors of H(z) is polynomial invertible.

The following theorem extends Proposition 5 to the general FIR case.

Theorem 4 An N × P multivariate FIR matrix H(z) is FIR invertible if and only if

1. N ≥ P ;

2. the set of P × P minors of H(z) is FIR invertible.

We can compute an FIR left inverse of an FIR matrix using the constructive proof of Theorem 4.

Algorithm 4 The computational algorithm for a left inverse of an FIR matrix is given as follows.

Input: an N × P multivariate FIR matrix H(z) with N ≥ P .

Output: an FIR left inverse of H(z).

1. Extract all P × P submatrices of H(z), totally CN
P , denoted by {Hi(z)}.



2. For each i, compute the determinant of Hi(z), denoted by Di(z).

3. Use Algorithm 2 to compute a set of FIR synthesis filters for {D1(z), . . . ,DCN

P

(z)}, denoted by {Gi(z)}.

4. For each i, compute the adjugate of the Hi(z). Let Gi(z) be the P × N matrix extended from adj(Hi) by
adding zero columns corresponding to those rows in H(z) which are not in Hi(z).

5. Compute G(z) =
∑CN

P

i=1(GiGi) and output G(z).

We extend the characterization in Theorem 3 to the multiple-input case. The proof is similar.

Theorem 5 Suppose H(z) is a given FIR matrix and Gp(z) is an FIR left inverse of H(z). Then G(z) is also
an FIR left inverse of H(z) if and only if G(z) can be written as

G(z) = Gp(z) + S(z)
(

I − H(z)Gp(z)
)

,

where S(z) is an arbitrary FIR matrix.

4.2. Oversampled Filter Bank Design

Designing oversampled FIR filter banks is more difficult than designing nonsubsampled filter banks. We design
an oversampled filter bank in two steps. We first design the analysis polyphase matrix where the number of rows
is bigger than the number of columns. If it is FIR invertible, then we compute a synthesis polyphase matrix
using Algorithm 4. Moreover, we can use Theorem 5 to characterize all synthesis polyphase matrices with a free
FIR matrix. We can optimize the polyphase synthesis matrix by optimizing this free matrix.

We can use Theorem 4 to test whether an FIR analysis polyphase matrix is FIR invertible. Similar to the
nonsubsampled case, one important question is how likely an FIR matrix is FIR invertible. Rajagopal and Potter
studied the polynomial case.

Corollary 6 in [29]: Suppose H(z) is an N × P M -variate polynomial matrix with N > P . If CN
P > M ,

then it is almost surely polynomial invertible. Otherwise, it is almost surely not polynomial invertible.

Unfortunately, Corollary 6 in [29] is not correct. Intuitively, if we add more columns to a matrix, it is more
likely that the matrix is not left invertible. However, by Corollary 6 in [29], the invertibility of a matrix depends
on the number of its maximal minors, CN

P . If we fix N and increase P , then CN
P will first increase and then

decrease. In the following, we prove that Corollary 6 in [29] is incorrect.

Disproof of Corollary 6 in [29]: Let H(z) be an N × 2 N -variate polynomial matrix with N > 3.
According to Corollary 6 in [29], H(z) is almost surely invertible since CN

2 > N . Therefore, there exists a 2×N
polynomial matrix G(z), such that

G(z)H(z) =

(

1 0
0 1

)

.

Now let H1(z) be the first column of H(z) and G1(z) be the first row of G(z). Then

G1(z)H1(z) = 1,

which implies that H1(z) is polynomial invertible. Since H(z) can be generated randomly, H1(z) is almost
surely polynomial invertible. However, by Corollary 6 in [29], an N × 1 N -variate matrix H1(z) is almost surely
not polynomial invertible, which leads to contradiction.

Using computer algebra software, we generate many FIR matrices randomly and test their invertibility. Based
on simulations and intuition from linear algebra, we have the following conjectures.

Conjecture 1 Suppose H(z) is an N ×P M -variate polynomial matrix with N ≥ P . If N −P ≥ M , then it is
almost surely polynomial invertible. Otherwise, it is almost surely not polynomial invertible.

We easily extend Conjecture 1 to the FIR case.



Conjecture 2 Suppose H(z) is an N ×P M -variate FIR matrix with N ≥ P . If N −P ≥ M , then it is almost
surely FIR invertible Otherwise, it is almost surely not FIR invertible.

Currently, we cannot prove this conjecture rigorously. For special cases, we can verify that Conjecture 2 is
correct. For example, when P = 1, Conjecture 2 becomes Proposition 4; when M = 0 or N = P , Conjecture 2
is also true.

Based on Conjecture 2, if the difference between the number of rows and columns is equal to or larger than
the number of dimensions, then the design is simple. We first design the analysis polyphase matrix freely and
then design the synthesis polyphase matrix based on the complete characterization. If the difference is smaller
than the number of dimensions, the design is difficult since the analysis polyphase matrix is almost surely not
FIR invertible. Similar to the nonsubsampled case, we use the mapping approach to solve this problem. The key
observation is that the perfect reconstruction condition (1) still holds after replacing z by an FIR vector in other
variables if H(z) and G(z) are polynomial matrices in z. We summarize this design method in the following
algorithm.

Algorithm 5 The design algorithm for an N ×P oversampled FIR filter bank where N −P is smaller than the
number of dimensions is given as follows.

Input: Specifications on the polyphase matrices.

Output: An oversampled FIR filter bank.

1. Let y be an (N − P )-dimensional variable. Design an analysis polyphase matrix H(y) satisfying the given
specifications.

2. Use Algorithm 4 to compute a synthesis polyphase matrix.

3. Use Theorem 5 to find the complete characterization of all synthesis polyphase matrices G(y).

4. Design N − P FIR mapping functions F (z) = [F1(z), . . . , FN−P (z)].

5. Optimize G(F (z)) according to the given specifications.

6. Simplify and output H(F (z)) and G(F (z)).

5. CONCLUSION

We propose a framework for multidimensional oversampled FIR filter banks using algebraic geometry and
Gröbner bases. The perfect reconstruction condition for multidimensional oversampled FIR filter banks leads to
an FIR matrix inverse problem. We map the FIR inverse problem into a polynomial one by simply introducing
a new variable. Using algebraic geometry, we propose a sufficient and necessary condition for the existence of
FIR left inverses. Then we present simple algorithms based on Gröbner bases to test the existence and compute
a left FIR inverse with either minimal order or minimal number of nonzero coefficients. These algorithms do
not require the prior information on the degree of synthesis filters or synthesis polyphase matrix. Moreover, we
characterize all FIR left inverses. We investigate the design methods for both nonsubsampled and oversampled
FIR filter banks.
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