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ABSTRACT

In this paper we discuss recent developments on design tools and methods for multidimensional filter banks in
the context of directional multiresolution representations. Due to the inherent non-separability of the filters
and the lack of multi-dimensional factorization tools, one generally has to overcome factorization by indirect
methods. One such method is the mapping technique.1–3 In the context of contourlets we review methods
for designing filters with directional vanishing moments (DVM). The DVM property is crucial in guaranteeing
the non-linear approximation efficacy of contourlets. Our approach allows for easy design of two-channel linear-
phase filter banks with DVM of any order. Next we study the design via mapping of nonsubsampled filter
banks. Our methodology allows for a fast implementation through ladder steps. The proposed design is then
used to construct the nonsubsampled contourlet transform which is particularly efficiently in image denoising,
as experiments in this paper show.
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1. INTRODUCTION

Wavelets are not the optimal transform for representing images with geometrical information. A typical example
in this context is the C2/C2 image class which comprises images that are C2 smooth away from a C2 discontinuity.
Within this model, wavelets do poorly mainly due to the large number of coefficients existent around geometrical
edges. This suboptimality of wavelets in handling geometry is regarded by some researches as the bottleneck
that prevents improvements in wavelet applications such as denoising and compression.4

Transforms that better handle geometrical information have been proposed.5–8 All of these transform would
in theory attain the optimal coefficient decay rate for the C2/C2 image class. Among those transforms, curvelets
and contourlets have the distinct feature of being non-adaptive transform. This is an important property which
makes these transform particularly robust to deviations from the model.

The contourlet transform is constructed in a discrete grid using multirate nonseparable filter banks.8 Cur-
rently, the challenge in building contourlet atoms that attain the optimal decay rate is to efficiently design those
filter banks. The main difficult arises due to the lack of a factorization theorem for multidimensional filters. In
the 1-D case the factorization is guaranteed by the fundamental theorem of algebra and this feature is largely
exploited in 1-D filter bank design (e.g., Daubechies compactly supported wavelets9).

To overcome the lack of factorization several techniques were proposed. In this paper we restrict our attention
to the mapping approach, in which one obtains 2-D filters from 1-D prototypes. The mapping approach is a
powerful design methodology. We have studied this design methodology extensively and in this paper we review
some of the results we have obtained. In particular we show how properties such as frequency localization, direc-
tional vanishing moments, tightness of the underlying frame expansion and filter support size can be efficiently
imposed. We also discuss the nonsubsampled contourlet transform (NSCT) which is constructed with filters
designed using the mapping approach. Our design allows the construction of a contourlet expansion with atoms
that are regular, spatially oriented, and localized in frequency.

Notation: Throughout the paper, a two-dimensional (2-D) filter is denoted by H(z) where z = [z1, z2]
T . If

m = [m1, m2]
T is a 2-D vector, then zm = zm1

1 zm2

2 whereas if M is a 2 × 2 matrix, then zM = [zm1 , zm2 ] with
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Figure 1. The two filter banks we consider in this paper. (a) The two-channel 2-D critically sampled filter bank. The
downsampling matrix S corresponds to the quincunx or rectangular lattices. (b) The two-channel 2-D nonsubsampled
filter bank.

m1,m2 the columns of M. In this paper we often deal with zero-phase 2-D filters. Such filters can be written
as polynomials in cosω = (cosω1, cosω2). We thus write M(x1, x2) for a zero-phase filter in which x1 and x2

denote cosω1 and cosω2 respectively.

2. FILTER DESIGN BY CHANGE OF VARIABLES

Among techniques for designing multidimensional FIR filter banks, for the two-channel case, the mapping tech-
nique is arguably the most effective approach. We briefly review the mapping design in this section. We consider
the two cases shown in Figure 2: the critically sampled case (Figure 2 (a)) and the nonsubsampled case (Figure
2 (b)).

The key idea is to obtain 2-D filters from 1-D ones by means of a change of variables or mapping. The mapping
should be such that: (1) the 2-D filters are perfect reconstruction, (2) the filters have reasonable response and/or
zero moment, and (3) the filters are linear phase.

In order to enforce the first property while keeping the design simple, we start with a set of perfect reconstruc-
tion filters. Because the filters are FIR, in a 1-D two-channel filter bank, the highpass filters are determined (up
to a sign/delay factor) from the lowpass ones.10 Thus the perfect reconstruction condition of the 1-D prototype

filters is

H
(1D)
0 (z)G

(1D)
0 (z) + H

(1D)
0 (−z)G

(1D)
0 (−z) = 2. (1)

To obtain the 2-D filters, we substitute z 7→ M(z), thus obtaining H
(02D)
0 (z) = H

(1D)
0 (M(z)), and G

(2D)
0 (z) =

G
(1D)
0 (M(z)). The mapping filter M(z) is chosen so that the 2-D perfect reconstruction condition is also met:

H
(2D)
0 (z1, z2)G

(2D)
0 (z1, z2) + H

(2D)
0 (−z1, sz2)G

(2D)
0 (−z1, sz2) = 2. (2)

In the above, s = 1 if the sampling lattice is the rectangular lattice whereas s = −1 for the quincunx lattice.
Notice that, for an arbitrary M(z), perfect reconstruction of the 2-D filters is unwarranted. The 2-D filters are
perfect reconstruction provided that2

M(z1, z2) + M(−z1, sz2) = 0 (3)

where s is as before. In general, the constraint (3) can be met while still allowing for other properties. For
instance, M(z1, z2) can be constructed as a product of two 1-D filter.2, 11 For the quincunx case we have
M(z1, z2) = z2N

1 p(z1z
−1
2 )p(z1z2) were p is a 1-D lowpass filter. This particular M(z) has the attractive property

of being separable in the polyphase domain. This reduces the filtering complexity from O(N2) to O(N).

In order to obtain FIR 2-D filters, the 1-D prototype filters need to have only positive powers of z. That is,
the filters satisfying (1) are polynomials in z.



2.1. Directional Vanishing Moments

For some applications it is also desirable that the filters have zero-moments. For instance in3 we introduce the
concept of filter banks with directional vanishing moments (DVM). Let u = (u1, u2)

T be a vector of coprime
integers. We say a discrete filter H(z) has a DVM of order d along direction u if it factors as

H(z1, z2) = (1 − zu1

1 zu2

2 )d R(z1, z2). (4)

where R(z1, z2) is an FIR remainder. It can be shown that filters with DVM annihilate edge information along
the direction u. This is an important property in establishing optimal approximation behavior of the contourlet
transform.8

The design of two-channel filter banks with DVMs along a direction u can be reduced to the design of a filter
bank in which the filters H0(z1, z2) and G0(z1, z2) each factor (1 − z1) a prescribed number of times.3 Also
we develop a systematic way of designing the mapping M(z1, z2) so that the corresponding 2-D filters have the
desired DVMs3 . The design can be summarized in the following steps:

Problem: design 2-D filters H
(1D)
0 (z) and G

(1D)
0 (z) satisfying the perfect reconstruction condition (2) and such

that H
(1D)
0 (z) factors (1 − z1)

Na and G
(1D)
0 (z) factors (1 − z1)

Ns .

Step 1 Design 1-D filters H
(1D)
0 (z) and G

(1D)
0 (z) with Na/L and Ns/L zeros at some point c0 ∈ C respectively,

and such that P (1D)(z) = H
(1D)
0 (z)G

(1D)
0 (z) satisfies (1).

Step 2 Let M(z) = (1 − z1)
LR̃(z) + c0 with

R̃(z) = R̃L(z1) + (1 + z1)
LR̃o(z1, z2), and

R̃o(z1, z2) = −R̃o(−z1, sz2).

Step 3 Set H
(2D)
0 (z) = H

(1D)
0 (M(z)) and G

(2D)
0 (z) = G

(1D)
0 (M(z)) to obtain the desired 2-D filters.

The term R̃o(z1, z2) in the above design is essentially arbitrary and can be chosen do meet other desiderata
such improved frequency response. For instance Figure 2 shows the filters of a typical filter bank designed with
the method described. Notice that two of the fan filters have a DVM in the horizontal direction. In a 2-D
2-channel filter bank it can be shown that no more than two filters can have DVMs in at most one direction.3

The third property that 2-D filter banks should posses is phase linearity. For instance, the filters in Figure
2 are linear-phase. Zero-phase 2-D filters can be obtained by imposing that M(z1, z2) = M(z−1

1 , z−1
2 ). This

guarantees that the 2-D filters are zero-phase as well.2 In this case, on the unit sphere, the mapping function
is a 2-D polynomial in (cosω1, cosω2). We thus denote it by M(x1, x2), where x1 = cosω1, and x2 = cosω2.

In general the DVM filters can be considerably shorter than filters of similar NLA performance.3 This is
particularly relevant for image processing applications as shorter filters exhibits less ringing artifacts in typical
applications such as compression and denoising.

2.2. The Nonsubsampled Case

In applications such as denoising, overcomplete decompositions would generally outperform a biorthogonal or
orthogonal basis such as wavelets. We can construct overcomplete expansion with nonsubsampled filter banks
(NSFBs). This has the advantage of a straightforward inversion algorithm if the NSFBs are perfect reconstruc-
tion. For a general FIR two-channel NSFB, perfect reconstruction is achieved provided the filters satisfy the
Bezout identity:

H
(2D)
0 (z)G

(2D)
0 (z) + H

(2D)
1 (z)G

(2D)
1 (z) = 1. (5)

The Bezout identity puts no constraint on the frequency response of the filters involved. Therefore, to obtain
good solutions one has to impose additional conditions on the filters.
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Figure 2. Frequency response of analysis and synthesis filters designed with 2-th order directional vanishing moment.

Just like the critically sampled case, 2-D NSFBs can be derived from 1-D filters using the mapping approach.
The design procedure is the same, except that in the nonsubsampled case there is no extra constraint on the
mapping function. This is a useful property in that it enables us to construct better filters and thereby obtain
a better decomposition.

A systematic way to design 2-D NSFBs can be developed in much the same way as in the critically sampled
case.12 The NSFB filters shown in Figure 6 are used to construct the Nonsubsampled Contourlet Transform
(NSCT) and were designed using the mapping technique.12

+

+

+ +

+

x x

Q(1D)(M(z)) −Q(1D)(M(z)) −P (1D)(M(z))P (1D)(M(z))

Figure 3. Lifting structure for the nonsubsampled filter bank designed with the mapping approach. The 1-D prototype
is factored with the Euclidean algorithm. The 2-D filters are obtained by replacing x 7→ M(z).

We point out that FIR nonsubsampled filter banks designed with the mapping approach can be efficiently
factored into a lifting13 structure that simplifies computations. To see this, assume without loss of generality

that the degree of the highpass prototype polynomial H
(1D)
1 (z) is smaller than that of H

(1D)
0 (z). Suppose also

that there are synthesis filters G
(1D)
0 (z) and G

(1D)
1 (z) such that the Bezout identity is satisfied. In this case it

follows that gcd{H
(1D)
0 , H

(1D)
1 } = 1. The Euclidean algorithm then enables us to factor the filters in the following

way13, 14:

(

H
(1D)
0 (z)

H
(1D)
1 (z)

)

=

N
∏

i=0

(

1 0

P
(1D)
i (z) 1

)(

1 Q
(1D)
i (z)

0 1

)(

1
0

)

. (6)

As a result, we can obtain a 2-D factorization by replacing z with M(z). This factorization characterizes
every 2-D NSFB derived from 1-D through the mapping method. Figure 3 illustrates the ladder structure with
one stage.

In general, the lifting implementation at least halves the number of multiplications and additions of the direct
form.13 The complexity can be reduced further if the lifting steps in the 1-D prototype are monomials and the
mapping filter M(z) has the form

M(z) = M1(z
p1

1 zp2

2 )M2(z
q1

1 zq2

2 ), (7)

for suitable M1(z), M2(z), and integers p1, p2, q1, q2. Note that if M(z) is a 1-D filter, then the 2-D filter M(zp
1zq

2)
for integers p and q has the same complexity as that of M(z). Therefore, filters of the form in (7) have the same
complexity as that of separable filters (i.e., filters of the form M(z) = M1(z1)M2(z2) ) which amounts to two



1-D filtering operations. Notice that if M(z) is as in (7), then for an arbitrary sampling matrix S, M(zS) also
has the form in (4).

3. APPLICATION: THE NONSUBSAMPLED CONTOURLET TRANSFORM

The nonsubsampled contourlet transform (NSCT) is a flexible shift-invariant multiscale and multidirection ex-
pansion constructed with nonsubsampled filter banks.12 Figure 4 (a) displays a high level view of the NSCT.
The structure consists in a bank of filters that splits the 2-D frequency plane in the subbands illustrated in Fig-
ure 4(b). The transform can thus be divided into two parts that are both shift-invariant: (1) A nonsubsampled
pyramid structure that ensures the multi-scale property and (2) A nonsubsampled DFB structure that gives
directionality.

directional

subbands

Bandpass

directional

subbands

Image

Bandpass

(a)

(π, π)

(−π,−π)

ω1

ω2

(b)

Figure 4. The nonsubsampled contourlet transform. (a) Nonsubsampled filter bank structure that implements the NSCT.
(b) The idealized frequency partitioning obtained with the proposed structure.

The filter design problem in the NSCT can be reduced to the design of nonsubsampled filter banks with the
square and the fan frequency responses12 shown in Figure 5. The prototypes used are the same but the mapping
filter are chosen to impose the desired shape of the response. In addition, we use the mapping filter to impose
zero-moments on the filters.12

The pyramid nonsubsampled filter bank in Figure 5 (a) is instrumental in imposing regularity of the contourlet

basis functions. The regularity can be imposed with zeros on the low-pass filter. We thus design H
(2D)
0 (z) (and

similarly G
(2D)
0 (z)) such that

+
xhx
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U0(z) U1(z)

V0(z) V1(z)
(b)

Figure 5. Two kinds of desired responses. (a) The pyramid desired response. (b) The fan desired response.
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Figure 6. Magnitude response of the filters designed with maximally-flat filters. The nonsubsampled pyramid filter bank
underlies almost tight analysis and synthesis frames.

H
(2D)
0 (z) = (1 + z1)

N (1 + z2)
NR0(z1, z2)

where R0(z1, z2) is a nonseparable 2-D FIR filter. Substituting ejω for z we can define the associated scaling
function

Φ(ω) :=

∞
∏

j=1

H
(2D)
0 (2−j

ω),

It can be easily show in this case that if B = sup
ω∈[π,π]2 |RH0

(ω)|, then

|Φ(ω)| ≤ C

(

1

1 + |ω1|

)N1−log
2

B (
1

1 + |ω2|

)N2−log
2

B

,

which shows the zeros in the lowpass filter guarantees some degree of regularity in the scaling function. Note
that this is similar to the separable nonsubsampled wavelet transform case, except that the remainder of the
scaling filter R0 is a nonseparable function. Imposing zeros on H0(z) also has the side effect of ensuring a low
pass response. Figure 6 shows typical filters designed with the mapping approach.12 In particular these scaling
filters results in regular contourlet basis function, as Figure 7 illustrates.

Basis functions, Level 2 

(a)

Basis functions, Level 3 

Basis functions, Level 4 

(b)

Figure 7. Basis functions of the nonsubsampled contourlet transform. (a) Basis functions of the second stage of the
pyramid, (b) Basis functions of third (top 8) and fourth (bottom 8) stages of the pyramid.



4. DENOISING EXPERIMENTS

In order to illustrate the potential of the NSCT designed using the techniques previously discussed we study
additive white Gaussian noise (AWGN) removal from images by means of thresholding estimators. We test the
NSCT under two denoising schemes described next.

4.1. Hard Threshold

For the hard threshold estimator we choose a global threshold Ti,j = Kσnij
for each directional subband. This

has been termed K-sigma thresholding in.15 We set K = 4 for the finer scale and K = 3 for the remaining ones.
We refer to this method as NSWT-HT when applied to nonsubsampled wavelet transform (NSWT) coefficients
and NSCT-HT when applied to NSCT coefficients. We use five scales of decomposition for both NSCT and
NSWT. For the NSCT we use 4,8,8,16,16 directions in the scales from coarser to finer respectively.

4.2. Local adaptive shrinkage

We perform soft thresholding (shrinkage) independently in each subband. We choose the threshold

Ti,j =
σ2

Nij

σi,j,n

,

where σ2
i,j,n denotes the variance of the n-th coefficient at the i-th directional subband of the j-th scale, and

σ2
Nij

is the noise variance at scale j and direction i. Shrinkage estimation with T = σ2

σX
, and assuming X

generalized Gaussian distributed yields a risk within 5% of the optimal Bayes risk.16 Contourlet coefficients
are well modeled by generalized Gaussian distributions.17 The signal variances are estimated locally using the
neighboring coefficients contained in a square window within each subband and a maximum likelihood estimator.
The noise variance in each subband is inferred using a Monte-Carlo technique where the variances are computed
for a few normalized noise images and then averaged to stabilize the results. We refer to this method as local

adaptive shrinkage (LAS). Effectively, our LAS method is a simplified version of the denoising method proposed
in18 that works in the NSCT or NSWT domain.

To benchmark the performance of the NSCT we have used some of the best denoising schemes reported in
the literature:

1. Hard thresholding with the NSWT.

2. Hard thresholding in the curvelet transform domain.15

3. Bivariate shrinkage with local variance estimation.19

4. Bayes least-squares with a Gaussian scale-mixture model (BLS-GSM) proposed in.20

For the LAS estimator we use four scales for both the NSCT and NSWT. For the NSCT we use 3,3,4,4
directions in the scales from coarser to finer respectively.

We use two 512 × 512 standard images in our test suit: “Lena” and “Barbara”. Table 1 shows the PSNR
results for the various methods used in our study. The results show that for hard thresholding, the NSCT is
consistently superior to curvelets and NSWT in PSNR measure. For the “Barbara” image the NSCT-HT yields
improvements in excess of 1.90 dB in PSNR over the NSWT-HT. Figure 8 displays the reconstructed images using
the the NSWT-HT, curvelets and NSCT-HT. As the figure shows, both the NSCT and the curvelet transform
offers a better recovery of edge information relative to the NSWT. But improvements can be seen in the NSCT,
particularly around the eye.

The NSCT coupled with the local adaptive shrinkage estimator (NSCT-LAS) produced very satisfactory
results as well. In particular, among the methods studied, the NSCT-LAS yields the best results for the “Barbara”
image, being surpassed by the BLS-GSM method for the other images. Despite its slight loss in performance
relative to BLS-GSM, we believe the NSCT has potential for better results. This is because by comparison, the



“Lena” image, PSNR (dB)

σ Noisy NSWT-HT Curvelets15 NSCT-HT NSWT-LAS BivShrink19 BLS-GSM20 NSCT-LAS
10 28.13 34.26 34.17 34.69 35.19 35.34 35.59 35.46
20 22.13 31.40 31.52 32.03 32.12 32.40 32.62 32.50
30 18.63 29.66 30.01 30.35 30.30 30.54 30.84 30.70
40 16.13 28.37 28.84 29.10 29.01 - 29.58 29.38
50 14.20 27.41 27.78 28.10 28.00 - 28.61 28.34

“Barbara” image, PSNR (dB)

σ Noisy NSWT-HT Curvelets15 NSCT-HT NSWT-LAS BivShrink19 BLS-GSM20 NSCT-LAS
10 28.17 31.58 32.28 33.01 33.40 33.35 34.03 34.09

20 22.15 27.23 28.89 29.41 29.45 29.80 30.28 30.60

30 18.63 25.10 26.93 27.24 27.22 27.65 28.11 28.56

40 16.14 24.02 25.51 25.79 25.76 - 26.58 27.12

50 14.20 23.37 24.31 24.79 24.72 - 25.43 26.02

Table 1. Denoising performance of the NSCT. The left-most columns are hard thresholding and the right-most ones
soft estimators. For hard thresholding, the NSCT consistently outperforms curvelets and the NSWT. The NSCT-LAS
performs on a par with the more sophisticated estimator BLS-GSM.

BLS-GSM is a considerably richer and more sophisticated estimation method than our simple local thresholding
estimator. However, studying more complex denoising methods in the NSCT domain is beyond the scope of the
present paper. Figure 9 displays the denoised images with both BLS-GLM and NSCT-LAS methods. As the
pictures show, the NSCT offers a slightly better reconstruction. In particular, the table cloth texture is better
recovered in the NSCT-LAS scheme.

5. CONCLUSION

We have discussed recent developments in multidimensional filter bank design techniques in the context of
multidirectional multiscale transform constructions such as the contourlet transform. Our techniques are flexible
and easy to implement and good constructions can be obtained. We have used the techniques developed in the
design of a nonsubsampled contourlet transform. Experiments in denoising show that this transform is very
efficient, yielding results comparable and sometimes superior than the best available in the literature.
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