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Abstract—We develop a new framework of multitree dictio-
naries which include many previously proposed dictionaries as
special cases. We show how to efficiently find the best object in
a multitree dictionary using a recursive dynamic programming
algorithm. We apply our framework to find the best rectangular
tiling of an image domain.

I. INTRODUCTION.

Over the last ten years, a number of research efforts have
concentrated on developing adaptive algorithms for represent-
ing and approximating signals in overcomplete dictionaries.
Some examples are best basis search in dyadic wavelet packet
trees and dyadic local cosine trees [3], matching pursuit
[14] and its variants, and basis pursuit [2]. The applications /
of such algorithms include compression [18], extraction of A ]
time-frequency features [4], [6], [20] and geometric features ) _
[10], noise removal [11], [12], [16], [17], and others. The (c) A sequence of splits. (d) Another sequence of splits.
ultimate objective of these efforts is to a_daptively computeg. 1. An illustration of tilings and sequences of splits. (a) An acceptable
a parsimonious representation at a low computational cost.f\"”g‘i-e-' a tiling that can be obtained via a sequence of binary splits. (b)

. . n unacceptable tiling. (c) A sequence of splits that leads to the tiling in (a).

Among the aforementioned methods, the best basis seag§hnother sequence of splits that leads to the tiling in (a).
algorithms have the lowest complexity. The original paper on
best basis search [3] considered the wavelet packet bases and
bases of local cosines on dyadic intervals. In each of theserecursive dynamic programming algorithm. This is done
two cases, all the bases in the dictionary can be organizedSection Ill. We lead into that discussion with a specific
using a single tree: a dyadic tree in 1-D and a quadtree erample, namely, optimal rectangular tiling algorithms which
2-D. This organization was exploited in [3] to devise a fasire presented in Section Il. We argue in Section Ill that
dynamic programming algorithm to find the best basis for artlge algorithms of Sections Il are special cases of a general
additive cost function. dynamic programming algorithm for finding the best object in

Since then, a number of efforts have sought to lift tha multitree dictionary. We moreover show in Section IV that
restrictions that a fixed dyadic/quadtree structure imposasother special case is a recursive version of the algorithm
on the underlying dictionary. Search methods for variodsom [1], [5] to find the best 2-D anisotropic wavelet packet
dictionaries that correspond to different sets of possible timeasis. Yet another special case of our algorithm is the best
frequency tilings have been proposed, such as the double-tmadtitree local cosine basis [9].
algorithm [7], time-frequency trees [19], [21], space-frequency
trees [8], adaptive Haar-Walsh tilings [13], anisotropic wavelet Il. OPTIMAL RECTANGULAR TILINGS.
packets [1], [5], anisotropic cosine packets [1], and mixed
isotropic/anisotropic packets [1].

(a) An acceptable tiling. (b) An unacceptable tiling.

We consider all images supported on a rectangular domain
C Z2. Suppose we are given an imageand would like

¢ The nllal? col?;trlbu;[jlpr:_ of t_he prr]_eshe_nt Ipzper IS a ne segment it into rectangular regio®s, P, ..., P; SO as to
ramework or multitree dictionaries which Include many préVig,;yimize a cost which is equal to the sum of the costs of the

ously proposed dictionaries as special cases. We show hOVYnt&vidual rectangles:

efficiently find the best object in a multitree dictionary using
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« start with a tiling which consists of a single rectangle— The preceding discussion supposes that the individual costs

namely, the whole image domain; e(P) have been precomputed for every rectandgle We
« for every rectangle in the tiling, analyze this computation using the following simple cost:
either keep it and do not split it ever again, e(P) = Z (f(n1,m2) — fp)? +c 3)

or split it into two rectangles; (1P
« continue qntil a!l the rectangles in the tiling are Iabe'%‘/hich results in the following overall segmentation cost:
“never split again”. 4

A rectangular tiling which can be obtained through this _ 2
procedure is called aacceptable tiling We will use A to Z Z (F(n1,me) = fp)" + ed, “)
denote the set of all acceptable tilings of the image dorgain
An acceptable tiling is illustrated in Fig. 1(a). The rectangul
tiling depicted in Fig. 1(b) cannot be obtained through the
binary splitting process described above, even though every _ - i
region in the tiling is a rectangle. This tiling is therefore not ¢ IS the number of rectangles in the segmentation;
an acceptable tiling. c is a weighting parameter.

The binary splitting process is conveniently visualized asTe first term in this cost penalizes excessive variability of the
tree, with every node of the tree corresponding to a rectanguf@@ge within each rectangle of the tiling. If the second term
region of the image1 as shown in F|g 1(C) In our d|agramg!d not eXiSt—i.e., if we had = 0—then a best solution would
we draw a vertical line through a node in the tree if thBe to segment the image domain into< 1 rectangles. The
corresponding region is split along a vertical line, and second term penalizes the number of rectangles in the tiling.
horizontal line if the corresponding region is split along a For this particular cost function (3), computirgP) for
horizontal line. The yiell of the binary tree is then the tiling €Very rectangle” can be done very efficiently by defining the
of the image domain. The set of all such trees will give us tHgllowing two statistics:
set of all acceptable tilings (h(_)\_/vever, several _diffgrent trees pi(f,P) = Z f(n1,n2) = |P|fp
may correspond to the same tiling, as shown in Fig. 1(c,d)). (n1.mmyeP
Our optimal tiling problem is therefore equivalent to searching 9
for a tree with the least costly yield. p2(f, P) Z f(n1,n2)”,

We now show that this problem can be solved efficiently, (n1,n2)€P
using a polynomial-complexity algorithm. Lef}; be the and noticing that, if we know these two statistics for a pair
optimal cost for a rectangl®. Our algorithm starts from the of rectangleg P’, P") which partition a rectanglé’, we can
entire image domair), and makes the following recursivecalculatee(P) in O(1) time as follows:
call: / "

* . . * % P1(f,P) = pl(faP)+p1(faP)
Cp = minelP), mintC = Gl @) U P) = 2ol P) 4 polf, P)
where the inner m|n|m|zat|on is done over all ordered pairs of e(P) = pa(f,P)—pi(f.P)/|P| +ec.
rectangleq P’, P”") which partition the rectanglé:

i=1 (ny,n2)EP;
awhere

f(n1,n9) is the pixel value at the locatiofny,ns);
fp, is the average of the imagéover the rectanglé’;;

This is used to compute all the costs in a bottom-up fashion,
P=PUP"andP'NP"=a. with both time and space complexi(N2N2).

The overall time complexity of the algorithm—-i.e., the
computation of the costs and the recursive search combined—
is O(NZN2Z(N; + N»)). The overall space complexity is
O(NZN3). In some situations, the computation of the costs
may be more complex and in fact may dominate the compu-
if Pis a pixel, thenCp = e(P). (2) tational complexity of the overall algorithm.

Note that reducing the number of acceptable rectangular
gs may result in a lower computational complexity of
algorithm. For example, we can restrict the search space

We always assume that, if the split it horizontal, th¢his on
top of P”, and if the split is vertical, the®’ is to the left of
P,

The recursive call (1) terminates at the pixels:

To avoid repetitive calculation, we store the optimal cost ar{ﬁim
the optimal split for each rectangle in a global table. Befort?:|e

maklnﬁ gtrecursklve call t?&'rt T]ny recttabng]é, t_hgt ?%Ief 'S if we only allow a rectangle to be split into two congruent
consufted to make sure as not been visited be Ore'rectangles, as was done in, e.g., [5]. In other words, we can

L L . 9 A9
If the original image domain is\1 x Ny, it has O(N{N;) impose that during our recursive binary splitting process, an

different subrectangles, and therefore maintaining the tat;{?x ns rectangle may only be split either into twa /2 x n.

rectangles, or into twoy; x ns/2 rectangles. This scenario

S¥&imilar to the anisotropic wavelet packets [1], 15k can
call involves O(N; + N3) comparisons to calculat€’}, via P P (1], st

Eq. (1), the computational complexity of the search algorithm?2The scenario which is similar to the classical wavelet packets results from

; 2 AT2 i i 2.5 ; imposing that, furthermore, any horizontal split must be followed by a vertical
IS O(Nl N2 (Nl + Nz)) which is O(N ) for a square image one, and vice versa. In other words, if am x ng rectangle resulted from a

with NV pixels, Ny = N2 = V/N. horizontal split, it is only allowed to be split into twe; x ns/2 rectangles;
and if it resulted from a vertical split, it is only allowed to be split into two
1The yield of a tree is the set of all leaves of the tree. n1/2 X ng rectangles.



are labeled with the elements aof left to right. We letT'(G)
be the set of all trees that can be prodicky the grammar
G. For each tree € T(G), we let theyield Y (¢) of ¢ be the
unordered set of the labels of the leaveg.of

Note that in the rectangular tiling example, the splitting
process was binary and led to dyadic trees. Here, we allow
splits into an arbitrary finite number of atomic objects.

We letT,(G) be the set of all trees ifi(G) whose root is
labeleda. We say that a grammaF = (A, S) is finite-depth
if, for everya € A, T,(G) is a finite set.

For any finite-depth grammaF = (A, S) and anya € A,
a multitree dictionaryD, (G) is the collection of yields of all
the trees inf, (G):

D.(G) ={B|B=Y(t) for somet € T, (G)}.

Suppose that each atomic objettc A is assigned a cost
e(a’), and that the cost'(B) of any object8 € D, is the sum
of the individual costs of all the atomic objects comprisifig

C(B) =Y e(d).

mlmlaﬁ K] “ﬂ @'eB
AL EEANEEE  We would like to find the best object in the dictionafy,,
(b) Best dyadic tiling, cost 0.565 (c) Best arbitrary tiling, cost 0.44].e., the object3} whose cost is the smallest:

Fig. 2. A 256 x 256 cameraman image and its best rectangular tilings with
the smallest block sizé6 x 16: (b) best dyadic tiling, cost 0.565; (c) best
arbitrary tiling, cost 0.441.

B = argérelilgl C(B).

We denote the corresponding cost &Y: C¥ = C(B}). We

let S, be the set of all allowed splits of a fixed atomic object
be shown that in this case, the total number of possibie To illustrate our fast recursive algorithm for best object
rectangular tiles i<D(N1 N,), and therefore the computationsearch, we first suppose th&t, = {a — bc}. There is a
of the costs has time and space complexityN; N,). The single tree inT,(G) which consists of one node labeled
minimization in Eq. (1) iSD(1) since it now involves choosing and whose vyield is thereforfn}, with costC({a}) = e(a).
one of no more than three options: horizontal split or vertichlor any other tree € T,(G), its left subtre€;.; is in T,(G),
split or no split. Therefore, both the time and space complexitnd its right subtreé,;,;, is in T,.(G). Therefore,Y (t) =
of the search i$)(V; V;), which is also the overall complexity Y (¢ 1) U Y (tri41¢), @nd, since the cost is additive,
of the algorithm—i.e., the computation of the costs and the
recursive search combined. In this case, the complexity is CY () = CY (tiesr)) + C(V (trignt))-

linear in the number of pixels. Consequently, the optimal object is:
Our rectangular tiling algorithms are illustrated in Fig. 2. . BrUB: if Cf +C* < e(a)
@1 {a} otherwise.

I[Il. MULTITREE DICTIONARIES.
other words, we find the best objed® and B} in the

tionariesD, and D., respectively, and compare their total
st with the cost ofa}.

We have a similar recursion in the general case. We let
%) be the set of the right-hand sides of all the elements of
. Then the possible candidates #} are

The rectangular tiling process described above is a splittiﬁ%}c
process which recursively builds an ordered collection

objects, starting with a single object. A tree is constructed
whose yield (i.e., the set of leaves) is a representation Qf
the data. Such processes are conveniently described usinggﬁ
formalism of grammars. We defineggammarG = (A4, S)to  “¢

be a pair of two sets: B, with cost > Cj, for any a € R(a), and
« a setA of atomic objectsand bea bEa
« a setS of allowed splits(also calledproduction3 of the {a}, with cost e(a).

form a — o wherea € A, anda is a finite sequence of L
elements ofA. :
. o o) =arg min ZC’;‘ (5)
Depending on the application, the elements Afcan be a€R(a) f—~
orthogonal bases, rectangular tiles, segments of the time axis,
or something else. By starting with a single elemenfipfve  3we assume that our recursive tree generation process can stop after any

can generate various sequences of elements\dé recursive number of recursions. This is different from standard treatments of grammars
where the stopping is handled via distinguishing between nonterminal

o . . . 1
Spl!ttlng. ThI_S proc_ess can be visualized as a tree Where e%ﬁ cts which must always branch, and terminal objects which may never
split a« — « is depicted as a node labeledwhose children branch.

et



(G4, s5) « bestsplitta) { call to the subroutine besplit of Fig. 3(a). During this
Z%‘T_f;(a); /,/,'Iﬂ'itt'gll'izzee ‘Z%; call, the costs of all possible splits fare compared. The
for o € R(a) { number of such comparisons [$§;|. Therefore, the overall

forbea . time complexity of the algorithm i€)(|S4(q)|). As we have
i C%Ca*”i‘ig Tﬁg&;ﬁ&g; computed seen in the rectangular tiling example, however, this may be
recordC; and s} in a global data structure; an overestimate: sometimes, the redundancy associated with
o J searching over multiple trees which have the same yield may
it Y < Cid be eliminated leading to a lower time complexity.
be;f; — o The overall space complexity 9(]A(a)|) since we need
Cr — Z Cy; to store two numbers—the best cost and the best split—for each
} bea atomic object inA(a). The key to controlling the time and
} space complexity is therefore keeping the sizes of the sets
returnC;; ands;;; Sa(a)y @nd A(a) low. In addition, as we have remarked before,

4 the computation of the costs(a) could actually dominate
(a) Recursive calculation of the best splits and best costs. the time complexity of the overall algorithm, and therefore

another important guideline to a successful application of our

B; « bestobjec(a) algorithm is to use tractable cost functions.
get s’ from a global data structure;
if s* is the empty set

‘Br {a};p g IV. OTHER EXAMPLES OF MULTITREE DICTIONARIES.
else;;; — o A. Anisotropic Wavelet Packets.
for bBE* Sa éestobjec(b), Recall that a single 1-D subband decomposition operation
B% — By UB; ' which is a basic building block of wavelet transforms and
wavelet packet transforms takes any 1-D discrete sequence
E’etum B, and transforms it into two other 1-D discrete sequences
) “ andu? via:
(b) Recursive generation of the best object. ul(n) = u % h(Zn) and u2(n) = ux* g(2n), (7)

Fig. 3. Pseudocode specification of a fast recursive algorithm for the best- . . . .
object search in a multitree dictionary: (a) the recursive calculation of the ba¥here the lowpass filtes and the highpass filtgr form a pair

costs and best splits; (b) the recursive generation of the best object. of conjugate mirror filters. When the sequencds viewed
as a sequence of coefficients of a signal with respect to an
orthogonal scaling basi8, the sequences! andu? can be
Then . . interpreted as the sequences of coefficients of the same signal
N U By if Z Cp <efa) with respect to a coarser-scale orthogonal scaling l#isand
Ba=1 e beag ) 4 coarser-scale orthogonal I i
: gonal wavelet basis respectively.
{a} otherwise. The 1-D wavelet transform is obtained by recursively
The globally optimal search algorithm is a repeated, recursidecomposing only the lowpass part-i.e., growing the tree on
use of Egs. (5) and (6). A branch of the recursion terminattfse left only. If we recursively decompose both parts, we
when S, = @: in this case,5; = {b}. The termination is grow a full 1-D wavelet packet tree. Two-dimensional wavelet
guaranteed to happen in a finite number of steps for a finifgackets alternate the decomposition (7) on the rows and the
depth grammar. To avoid repetitive calculation, we store tleelumns of an image, thereby producing a quadtree. The
optimal costC* and the optimal split* for each atomic object best basis search algorithm [3] is a bottom-up algorithm for

a in a global table: pruning the full wavelet packet tree. An additive cost function
is defined, and at every nonleaf node of the tree, a decision is
. : . made as to whether it is more costly to keep the children of
(Cy,s0) = Z Cppaq | f Z Ci <ela) the node or to prune them. Once the whole tree is traversed,
beoq beag the leaf nodes of the pruned tree correspond to the best basis.
(e(a), @) otherwise.

A more flexible framework called anisotropic 2-D wavelet
The pseudocode for the recursive calculatiorCgifand s* is  packets [1], [5], allows for any sequence of rowwise and
given in Fig. 3(a). Once this recursive call is done, the besblumnwise applications of the decomposition operation (7),
object can be generated from the global data structure usamd is therefore a generalization of the classical wavelet
the pseudocode in Fig. 3(b). packets.

The most significant computational burden is in computing Assuming that we conside¥; x N, images whereV,; =
and storing the best costs and best splits. To analyze tifs and N, = 2.2, we define aratomic basisB}"/ for every
procedure, we letA(a) be the union of{a} and the set of scale2’ along the rows() < i < L,, for every scale’ along
all atomic objects which can be descendantsaofWe let the columns) < j < Lo, and for everyp =0,1,2,...,2¢—1
S be the set of all allowed splits of elements 4fb). For andgq = 0, 1,2,...,27 — 1. These atomic bases are defined
each atomic objeck € A(a), there is exactly one recursiverecursively as follows.



. 88:8 is the finest-scale orthogonal scaling basis. REFERENCES

.. n2p, 2p+1, . . .
« For anyp,q,i, j, Biif{j and Biﬁl,jq are the bases 0b-[1] N.N. Bennett. Fast algorithm for best anisotropic Walsh bases and
tained via a columnwise application of the basic decon[*n-] relatir\]/eS-J- of Appl. ﬁnd Ccamput. Harm?jnic Analys&8§-103, 2000. .
. ; D,q 2] S. Chen, D.L. Donoho, and M.A. Saunders. Atomic decomposition by
position operation t(fi,j ' 2g+1 basis pursuitSIAM Journal on Scientific Computing0(1):33-61, 1999.
e For anyp,q,1i,j, B?’jjzl and Bf_’jil are the bases ob-[3] R.R. Coifman and M.V. Wickerhauser. Entropy based algorithms for best
tained via a rowwise application of the basic decomposi- basis selectionlEEE Trans. Inf. Th.38(2):713-718, Mafch 1_992. _
fi fi toP [4] I. Cohen, S. Raz, and D. Malah. Orthonormal shift-invariant adaptive
Ion operation 0,5 " local trigonometric decompositiorSig. Proc, 57(1):43-64, Feb. 1997.
An anisotropic wavelet packet basis is defined to be any balks 25_15’807”5323-1 101/2;%; and best-ortho-basis: A connectiomnn. Stat,
Wh!C_h can be obtained using the following recursive blnar[)5] R. Gribonval, P. Depalle, X. Rodet, E. Bacry, and S. Mallat. Sound
Sp|lttlng process. signals decomposition using a high resolution matching pursuirdg.
. . 0,0 .. Computer Music Conf. (ICMC-96pp. 293-296, Aug. 1996.
« Start with a representatioR = {8} consisting of @ [7] c. Herley, J. Kovaevié, K. Ramchandran, and M. Vetterli. Tilings of the
single basisB‘g’g. time-frequency plane: construction of arbitrary orthogonal bases and fast

SQDq : tiling algorithms. IEEE Trans. Sig. Pro¢.41(12):3341-3359, Dec. 1993.
» For each ba5|§i,j in the current representatldfa, [8] C. Herley, Z. Xiong, K. Ramchandran, and M.T. Orchard. Joint space-

— either keep it and do not decompose ever again, frequency segmentation using balanced wavelet packet tree for least-cost
_ [P 2p,q 2p+1,q image representationEEE Trans. Im. Prog.6(9):1213-1230, Sep. 1997.

or replace it WlthBHQl,j and Bi+21,j 1’ [9] Y. Huang, I. Pollak, C.A. Bouman, and M.N. Do. New algorithms for
— or replace it withB{, and Bf)]jg . best local cosine basis search. Submitted to ICASSP-2004.

. . . N [10] S. Jaggi, W.C. Karl, S. Mallat, and A.S. Willsky. High resolution pursuit
« Continue until all the bases iR are labeled “do not for feature extractionJ. of Appl. and Comput. Harmonic Analysis428-

decompose ever again.” 449, 1998.

. . . . . [él] H. Krim and J.-C. Pesquet. On the statistics of best bases criteria. In
One full run of this binary splitting process can be visualized "wavelets and Statisticdecture Notes in Statistics, A. Antoniadis, Ed.,

as a binary tree whose every node is associated with an atomicpp. 193-207. Springer-Verlag, 1995.

ic RBP4 ; i ] H. Krim, D. Tucker, S. Mallat, D. Donoho. On denoising and best signal
basis B7’f. The union of the atomic bases at the leaves & representationlEEE Trans. Inf. Th.45(7):2225-2238, Nov. 1999.

such a tree is called an anisotropic wavelet packet basis.14] M. Lindberg and L.F. Villemoes. Image compression with adaptive Haar-
fast algorithm for finding the best anisotropic wavelet packet Walsh tilings. InWavelet Applications in Signal and Image Processing

. . K K . VIII, Proc. SPIE 4119, 2000.
basis for an additive cost was provided in [1], [5]. It is eaSMA] S.G. Mallat and Z. Zhang. Matching pursuits with time-frequency

to see that a specialization of our algorithm of Fig. 3 to the "gictionaries.IEEE Trans. Sig. Pro¢.41(12):3397-3415, Dec. 1993.
anisotropic wavelet packet dictionary is a restatement of tH&] C. Manning and H. Sditze. Foundations of Statistical Natural Lan-

: 4 guage ProcessingMIT Press, 1999.
algorithm of [1], [5]: [16] P. Moulin. Signal estimation using adapted tree-structured bases and the

MDL principle. In Proc. IEEE-SP Int. Symp. TFT$8p. 141-143, Paris,
June 1996.
[17] J.-C. Pesquet, H. Krim, D. Leporini, and E. Hamman. Bayesian approach
to best basis selection. Proc. ICASSP-9¢p. 2634-2638, Atlanta, USA,
: . . May 1996.
. I_n [9], we prqpose an algor.'thm for best ba§|s SearF:h Ir‘[?8] K. Ramchandran and M. Vetterli. Best wavelet packet bases in a rate-
dictionary of arbitrary local cosine bases on a discrete interval distortion senselEEE Trans. Im. Prog.2(2):160-175, Apr. 1993,

of length N. The problem is equivalent to finding the beskl9] C.M. Thiele and L.F. Villemoes. A fast algorithm for adapted time-

segmentation of the interval into subintervals, and representing flrgggency tilings.J. of Appl. and Comput. Harmonic Analys&91-99,

the data on each subinterval in the local cosine basis. Thig] L.F. vilemoes. Adapted bases of time-frequency local cosines. Preprint,

problem is therefore a 1-D version of our rectangular tilin 1]erb-)(_zoooy"}zw‘g-matnktg-se”gfsl_‘ilfplub'-hm&'MT Orchard. Flexible

o . . Xiong, K. Ramchandran, C. Herley, and M.T. Orchard. Flexible tree-
problem, albeit with a very different cost. structured signal expansions using time-varying wavelet packERE
Trans. Sig. Prog.45(2):333-345, Feb. 1997.

B. Multitree Local Cosine Dictionaries.

V. CONCLUSIONS

We presented a general framework of multitree dictio-
naries and provided a recursive dynamic programming meta-
algorithm for finding the best object in a multitree dictionary.
We showed how to use our framework to find the best rect-
angular tiling, and demonstrated that several previously pro-
posed dictionaries and best basis methods (such as anisotropic
wavelet packets and multitree local cosine dictionaries) are
special cases of our framework.

In the future we plan to further explore the flexibility of
our framework and design various multitree dictionaries which
allow a fast selection of the best representation in contexts such
as time-frequency analysis, approximation, and compression.

4A minor difference is that the pseudocode of [1], [5] is bottom-up while
our pseudocode is recursive.



