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ABSTRACT

Recent studies have shown that sparse representation cemede
effectively as a prior in linear inverse problems. Howeuer,
many multiscale bases (e.g., wavelets), signals of intéeeg.,
piecewise-smooth signals) not only have few significantffcoe
cients, but also those significant coefficients are welkoized in
trees. We propose to exploit this, named sparse-tree, foridin-
ear inverse problems with limited numbers of measurements.
particular, we present a fast tree-based majorize-mimriiMM)
algorithm for signal reconstruction in this setting. OQummrical
results show that TMM provides significantly better recamstion
quality compared to the majorize-minimize (MM) algorithirat
relies only on sparse prior.

1. INTRODUCTION

A recent series of remarkable work knowncasnpressed sensing
has shown that theparse representatioof an unknown signal in
a certain basis can be used effectively as a prior knowledge f
signal reconstruction from limited number of measuremghtg,

3]. Figure 1 shows a classic example of sparse represantatib

a piece-wise smooth signal in the wavelet domain.
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whereM is a fixedN x M measurement matrix, atds a length-
N vector that contains the measured data. Furthermore, sappo
thaty has asparse expansioasing an orthonormal transform ma-
trix W as

y=Wuaz, (2)

wherez is sparse. Led = M W which is also a knowrdV x M
matrix, then the inverse problem (1) becomes recovetiffiggm

Az =0, (3

and substitutinge to (2) will give y.
The sparsity ofc can be measured by its-norm or the num-
ber of its nonzero coefficients

S(z) = |z||o = size{i : z; # 0}. )

The linear inverse problem witbparseprior can be formu-
lated as

Q)

Most popular methods for solving (5) in compressed sensing
are relaxinglo to /3 minimization [1, 2] and using greedy search
by orthogonal matching pursuit (OMP) [3].

min S(z) subjectto Az =1b

2. SPARSE-TREE INVERSE PROBLEM

Examining the wavelet transform of a piecewise-smooth signal
y as in Figure 1 we notice that in addition to the property that
sparsethose nonzero or significant entriessofire well connected
in a tree structure This additional property is because nonzero
wavelet coefficients correspond to discontinuity locagiam the
original signal [4]. In particular, if a wavelet coefficieilstnonzero
or significant then its ancestors (wavelet coefficientseaspond
to the same location but at coarser scales) are likely nonaer
significant (see Figure 2).

We denoteH (i) as the index set containing of the history
nodes (i.e. father, ancestors, and the entry itself) of taen.
Let T'(x) be the smallest connected tree that contains indexes of

Fig. 1. Example of sparse representation: (a) a piecewise-smoothall the nonzero coefficients af:

signal with\M = 256 samples; (b) its wavelet transform with only
a few significant coefficients.

For an unknown signay of length M, suppose that we can
only acquire a limited numbe¥ of non-adaptive linear measure-
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(6)

x; #0

The size of the tred’(x) is measured by the number of its
nodes

ST(x) = sizgT(x)). (7
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Fig. 2. The tree structures of an example 1-D wavelet coefficient

set.

Compare with the sparse measure (4) we see that if the

nonzero entries af are connected in a tree thé'(z) = S(x).
Otherwise, ST (x) > S(x).

The term ST'(xz) represents the indexing cost af using
sparse-tree structure. A major component in the complégkaty
example in coding) of a sparse vectors the indexing cost for the
locations of its nonzero entries. In fact, the main goal ofent
reconstruction algorithms in compressed sensing is tovegdbe
locations of these nonzero entries.

With the sparse prior alone, for a lengii vectora that has
S(zx) nonzero entries, we neédg,, M bits to specify the location
of each nonzero entries. Hence, the total indexing costruihde
sparse prior is

IndexingCost,,s{z) = S(x) - log, M. (8)

With the sparse-tree prior, like in practical wavelet-lzhsed-
ing schemes, we can efficiently specify nonzero entriesgakbbn
tree, in which each nonzero entry can be accessed through-its
cestors. For example, for the 1-D wavelet transform as caebe
from Figure 2, we need only 2 bits for each nonzero coefficient
to code four possibilities that this coefficient hftso child, one
child on the left, one child on the right, or two childrethat are
nonzero. Thus, the total indexing cost under the sparsegtier
is

INdexingCostyyse.ureb) = ST'(z) - 2. 9)

If the nonzero entries aof are well-connected on a tree then
ST (x) = S(x) and thus the indexing cost with sparse-tree prior
(9) is significantly smaller than the indexing cost with sgaprior
(8). The compact indexing cost with sparse-tree prior dépem
the measur&T'(x) and the role ofl'(x).

Based on the aforementioned discussion and follow (5) we for
mulate the inverse problem witparse-tregorior as

min ST (xz) subjectto Axz =b. (10)

3. MAJORIZE-MINIMIZE APPROACH
Using a Lagrange multiplier the inverse problem with spdrse
prior can be reformulated as the following unconstrainetthupa-
tion problem:

min C(z) where C(z) = ||Az —b||3 + p-ST(x). (11)

In this section we will follow themajorize-minimizgMM)
approach [5, 6, 7, 8] in solving (11). The first step isnajorize
C(x) with the following (so called surrogate) function:

Qzly) = Az b3+ |z —yl3 - ||A<m—y>||%+u~ST<(x>.)
12

By choosing)\ bigger than the maximum eigenvalue 4f A
we ensure tha@(xz|y) > C(x) for all z, y with equality if and
only if x = y. The MM approach amounts to a sequence of esti-
matex*) by iteratively minimizing the majorized function:

2D = arg min Q(w|w(t)). (13)

The MM iteration monotonically decreases the cost function

since

C(w(Hl)) < Q(w(t+l)|w(t)) < Q(w(t)kc(t)) — C(w(t)).

As a result, the MM iteration is guaranteed to converge to a
local optimal solution. We can rewri@(x|y) in (12) as

Q(zly) = M||lz|l3—2(y+ A" AT (b— Ay)) )+ ST (=)

+(IBl13 + Allyl3 — 1 Ayl3).  (14)
Thus by denoting
z=a £ XA (b - Ax™), (15)
then (13) is equivalent to
2" = argmin (A|& — 2|3 + u- ST(2)) . (16)

Equations (15) and (16) make up the two steps in each iter-
ation of a tree-based majorize-minimize (TMM) algorithmheTl
advantage of the TMM algorithm is that it does not need toestor
the matrix A but instead it only requires fast algorithms to com-
pute matrix multiplications byd and A7 for the first step (15). In
the next section we will develop an efficient algorithm tovedhe
second step (16).

Notice that the MM approach allows any other regularization
term to be used instead §f"(x) in the optimization problem (11).

In compressed sensinge||o or ||z||: regularization is typically
used [5, 7, 8] for promoting sparse solution. For exampleh wi
||lz||1 regularization term in place 7' (x) then the second step
(16) becomes the component-wise soft thresholding

ng+1) — S|g|’(zn) . maX{O, |Zn| - /"L/)\}

We refer to iteration with (15) and (17) as MM algorithm for
inverse problem with sparse prior.

(17

4. FAST BEST SEARCH IN TREES

Letf = p/A. Our task in solving the second step in TMM (16) is
to minimize the following objective function for a given
J(x)=0-ST(z) + ||z — z|)5. (18)

Recall that the sparse-tree prior tefff'(x) is defined as the
number of nodes in the smallest connected Fée ) that contains
all of nonzero entries aof:

U HG).

x;7#0

T(x)



DenoteT“(x) for set remaining of entries i and|T'(x)| for
the number of nodes iff'(x). Sincex; = 0 fori € T°(x) we
have

J@)=0-T@)+ 3 (@2 + 3 (2i—2)

€T (x) i€T(x)

>0-T@)|+ 3 2,

ieTe(x)

with equality if and only ifz; = z; foralli € T'(x).
Thus solving (16) amounts to searching for the best Tée
starting from the root node that minimizes

J(T)=0-|T|+ > 2. (19)
ie€Te

The solutionz™ of (16) can then be obtained from the mini-
mizerT™ of (19) as

. Zi ifieT",
xTr; =
0 else

Proof: The best tred€™* (n) minimizes the following cost function
() =0T+ > Z=>0+ >
i€ FT (n)\T ieT i€EFT (n)\T

among allT’ € 7 (n). SuchT can be either an empty set or a tree
that has root at. In this second casé, consists of: and subtrees
with root at children ofa:

T=nu |J T.
ceC(n)

for someT'. € 7 (c), and thus

Jn(T)=0+ > Je(Te).

ceC(n)

In this case, the cost, (T") is minimum if each subtre@.
minimizes its cost/.(T.). HenceT*(n) is either an empty
set orn U U.co @y T7(c). The best tred’™(n) is obtained by
comparing the costs of these two possibilities. m|

The recursive algorithm described in Proposition 1 visitshe

We now develop a fast dynamic programing algorithm that it- node inz once where it takes a constant number of operations.

erates from the bottom of the tree to the top to search for ihe m
imizer treeT™ of (19). This algorithm is similar to the best basis
search algorithm for wavelet packets [9].

For a node: on the index tree of let us denot& (n) the set
of all trees that has root atincluding the empty tree (denoted by
@) and FT (n) the full tree that have root at and grows all the
way to the bottom. We define

T"(n) = arnglji_r(ln) (9 T+ Z Zf) ) (20)

i€FT (n)\T
Jn)=0-T"(n)|+ > 2, (21)
1€FT (n)\T*(n)
Stn)y= > z. (22)
i€FT (n)

The following proposition gives a recursive computation of
these quantities, from bottom up along tree branches. Tl fin
solution of (19) is found at the root of the tree.

Proposition 1 LetC'(n) be the set of children ef andC'(n) = 0
if n is a leaf node. Then

Stm)=z+ Y. S(o). (23)

ceC(n)

IfS(n) <O0+3.cowm J (c) then

T (n) =0, (29)
J*(n) = S(n). (25)
Otherwise
T(n)=nuU |J T"(), (26)
ceC(n)
Jm)y=0+ Y Jc). 27
ceC(n)

Thus, the complexity of this algorithm for the second stepach
TMM iteration isO(M ) whereM is the length ofr or signaly.

5. EXPERIMENTAL RESULTS

We use TMM to reconstruct a 1-D piecewise-smooth signal of
length 4096 from 300 measurements. The measurement mahatrix
is of i.i.d. Gaussian entries (zero mean and variance 1lante
seen from Figure 3 that TMM can recover the tree structurdewhi
MM suffers from noise due to the incorrect identification igfrsf-
icant coefficients. Consequently, TMM provides a recortsion
SNR of 20.03 dB compared to 9.89 dB from MM.

We then use TMM to reconstruct a simple testimage and com-
pare the result to that from MM. We measure the test imagegn Fi
ure 4(a) by collecting coefficients along 12 radial linestDFT
domain. We can see from the results that TMM also gives arbette
reconstruction than MM in this case.
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Fig. 3. An example piecewise-smooth signal of length 4096 anckitemstructions from 300 linear measurements using MM anTM
(top), together with tree structures showing locationsgfificant wavelet coefficients and those recovered by MM EkiiM (bottom).
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