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ABSTRACT

We study the problem of signal reconstruction from a periodical nonuniform set of samples. The considered
system takes samples of delayed versions of a continuous signal at low sampling rate, with different fractional
delays for different channels. We design IIR synthesis filters so that the overall system approximates a sampling
system of high sampling rate using techniques from model-matching problem in control theory with available
software (such as Matlab). Unlike traditional signal processing methods, our approach uses techniques from
control theory which convert systems with fractional delays into H-norm-equivalent discrete-time systems. The
synthesis filters are designed so that they minimize the H∞ norm of the error system. As a consequence, the
induced error is uniformly small over all (band-limited and band-unlimited) input signals. The experiments are
also run for synthesized images.

Keywords: Super-resolution, model-matching, H∞ optimization, polyphase, lifting, fractional delay, filter
design, IIR filter.

1. INTRODUCTION

Hardware technologies show enormous advancements in recent years. These advancements drive the cost of
measurement devices, such as digital cameras and sensors, to decrease considerably. As a result, in many
applications such as image super-resolution,2,6, 7, 15 sensor networks1 and analog-to-digital converters,20 one can
use more and more measurement devices in the measurement process. Furthermore, more often than not, pushing
the limit of hardware technologies is hard and expensive for a given application. An alternative is to use many
low performance devices and an algorithm to fuse the data obtained from them.

A question that naturally arises from this context is how to exploit a large amount of data obtained from
different measurement devices in an efficient way. In this paper, we address a concrete problem related to that
question, that is to approximate a sampling device of high sampling rate using different low sampling rate ones.

Fig. 1 shows a high sampling rate system that we want to approximate. A continuous input signal f(t) ∈ L2

is convolved with a function whose Laplace transform is ϕ(s). This convolution is a mathematical model of the
effect of point-spread-function in optical measurement devices or the function governing the frequency response
of inputs f(t) as in analog-to-digital converters. The output of the convolution is then sampled at high sampling
rate h > 0. The desired high resolution signal obtained by this system is denoted by y[n].

Fig. 2 illustrates the system that we actually use to approximate the high sampling rate system in Fig. 1.
The same continuous input signal f(t) ∈ L2 is convolved with the same function with Laplace transform ϕ(s)
before being delayed by d1, d2 at channel 1 and 2, for example because of traveling times of the signals. Low
resolution signals x1[n], x2[n] are taken at low rate 2h from delayed versions of the continuous signal f(t).

The goal of the paper is to reconstruct the high resolution signal y[n] of Fig. 1 using low resolution signals
x1[n], x2[n] of Fig. 2. Related problems have been addressed in literature. Herley and Wong10 address the
problem of sampling and reconstruction of periodic nonuniform samples under two assumptions: 1) that the
input signals belong to a class of signals having fixed frequency support, and 2) the set of samples are the set
left after discarding an uniform set of samples in a periodic fashion. Marziliano [14, Chapter 5] also address the
problem of reconstructing a discrete signal from a periodic nonuniform set of samples using Fourier transform.
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Figure 1. The high resolution signal y[n] taken at high sampling rate h from the continuous signal f(t).
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Figure 2. Low resolution signals x1[n], x2[n] sampled at low rate 2h from delayed versions of the continuous signal f(t).
We want to reconstruct the high resolution signal y[n] of Fig. 1 using low resolution signals x1[n], x2[n].

However, the author only consider a limited set of input signals that are bandlimited. Jahromi and Aarabi11

consider the problem of estimating the traveling times d1, d2, and of designing analysis and synthesis filters to
minimize the H∞-norm of the error system. The choice of H∞ optimization makes the induced-l2 norm of the
approximation error uniformly small over all possible inputs. However, the authors only consider integer delays
or approximation or fractional delays as IIR or FIR filters. Shu et. al.17 address the problem of designing
the synthesis filters for a filter banks to minimize the H∞ norm of the induced error system. Their problem is
similar to the problem considered in this paper, except that it does not consider the fractional delays but rational
transfer function instead.

In this paper, we propose a method to design IIR and FIR synthesis filters which minimize the H∞-norm
of the induced error system. Unlike many traditional signal processing methods that follow l2 optimization
over some class of input signals S ∈ L2, we propose to use the framework of H∞ optimization.8,9, 17 As a
consequence, the induced error is uniformly small over time while no assumption of the input signal f(t) ∈ L2

(such as band-limitedness) is necessary. Another contribution of the paper to the problem is to use techniques in
control theory to convert systems with fractional delays into H∞-norm equivalent discrete-time systems, hence
enhance the results comparing to methods approximating the fractional delays by IIR or FIR filters.12,16,21 A
generalization of the paper will be presented in our journal version.

The remainder of this paper is organized as follows. Section 2 presents the problem formulation. In Section 3
we show that the original error system is equivalent to a finite-dimensional discrete-time system. Then in
Section 4, we convert the problem further to a linear-time invariant problem. Section 5 presents the design
procedure to design IIR synthesis filters. The conclusions are given in Section 6.

2. PROBLEM FORMULATION

We consider the system illustrated in Fig. 3. Note that the system is hybrid in the sense that it contains both
continuous and discrete-time signals.

The input continuous signal f(t) ∈ L2 is convolved with a function whose Laplace transform is a rational
function ϕ(s). The output signal after the convolution then goes through three channels. In the first channel, the
signal is sampled at high sampling rate h to get the high resolution measurement y[n]. In the second and third
channels, the signal is delayed by d1, d2 ∈ (0, h), and then sampled at low sampling rate 2h to get low resolution
measurements x1[n], x2[n]. We want to design filters F1(z) and F2(z) to use x1[n], x2[n] to reconstruct ŷ[n] –
an approximation of y[n] (tolerated by some delay tolerance of m samples) without any knowledge of the input
f(t). That is we want to design filters F1(z) and F2(z) based on the transfer function ϕ(s), the delays d1, d2, the
system delay tolerance m and the sampling rate h to minimize the H∞-norm of the overall error system E .

In the framework of H∞ optimization, we work on the Hardy space H∞ that consists of all complex value
functions G(s) of a complex variable s which are analytic and bounded in the open right haft-plane ℜ(s) > 0.
The H∞-norm of G(s) is defined as ‖G(s)‖∞ = sup{|G(s)| : ℜ(s) > 0}. If we consider G(s) as the transfer
function of some system with input u(t), the H∞-norm of G(s) is ‖G(s)‖∞ = sup{‖Gu‖2 : ‖u‖2 ≤ 1}.8
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Figure 3. The error system E . We want to design synthesis filters F1(z), F2(z) based on the transfer function ϕ(s), the
sampling rate h > 0, the fractional delays d1, d2 ∈ (0, h), and the system delay tolerance m ≥ 0 to minimize the H∞-norm
of the overall error system E .

In our problem, the H∞-norm of the system E is defined as follows:

‖E‖∞ := sup{‖e‖2 : ‖f‖2 ≤ 1}.

Problem 1:

• Inputs: transfer function ϕ(s), the sampling rate h > 0, the delays d1, d2 ∈ (0, h), and the delay tolerance
m ≥ 0.

• Outputs: synthesis filters F1(z), F2(z).

Throughout the paper, we adopt the following conventions to clarify the presentation. An one dimensional
signal u(t) and a single-input single-output transfer function G(s) is written in regular font, while a multi-
dimensional signal u(t) and multi-input multi-output G(s) will be written in bold. In our figures, solid lines
illustrate continuous signals, and dashed lines are intended for discrete ones. Furthermore, multi-dimensional
signals will have bolder lines in our diagrams. Finally, when two systems are H∞-norm equivalent, we will simply
say that they are equivalent.

The paper uses some techniques of state-space methods. Readers who want to review in details can start at
any textbook in control theory, for example.3

3. EQUIVALENCE OF E TO A FINITE-DIMENSIONAL DISCRETE-TIME SYSTEM

The error system E in Fig. 3 can be written as:

E = (z−m)Shϕ(s) − F1(z)(↑ 2)(↓ 2)Sh(e−d1s)ϕ(s) − F2(z)(↑ 2)(↓ 2)Sh(e−d2s)ϕ(s)

=
[
z−m − F1(z)(↑ 2)(↓ 2) − F2(z)(↑ 2)(↓ 2)

]

︸ ︷︷ ︸
Fd




Sh 0 0
0 Sh 0
0 0 Sh




︸ ︷︷ ︸
Sh




ϕ(s)
e−d1sϕ(s)
e−d2sϕ(s)




︸ ︷︷ ︸
Gc

.

Hence the system E can be considered as a cascade of three systems:

E = FdShGc, (1)

in which Gc(s) is an one-input three-output continuous-time system; Sh is the sampling operator – in this case
all 3 channels are sampled at the same sampling rate h; and Fd(z) is a finite-dimensional discrete-time system
to be design. In this section, we want to show that there exists a finite-dimensional discrete-time system that
has the same H∞-norm with our original error system E . This can be done if the first part ShGc of E (Fig. 4)
can be shown H∞-norm equivalent to a finite-dimensional discrete-time system. We show that in two steps. In
the first step (Section 3.1), we convert the original system into a discrete-time system. However, this system will
be of infinite-dimensional. In the second step (section 3.2), we convert the infinite-dimensional problem into a
finite-dimensional one.
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Figure 4. The continuous to discrete conversion part ShGc of the error system E . Note that the sampling rate of all
three channels is h. Hence x1[n], x2[n] in Fig. 2 are downsampled-by-2 version of y1[n], y2[n], respectively.

3.1. Equivalence of E to discrete-time system

We first define the lifting operator Lh as follows.

Definition 3.1 (The lifting operator Lh). [4, Section 10.1] The lifting operator Lh takes a continuous-
time signal u(t) as input and output a discrete-time signal {ũ[n]}n∈Z:

ũ = Lh(u) =
[
. . . , ũ[−1], ũ[0], ũ[1], ũ[2], . . .

]T

,

in which:
(ũ[n])(t) := u(nh + t)|0≤t<h ∈ K := L2[0, h).

Remark 1. The lifting operator Lh preserves the energy of the signal, i.e.:

‖u(t)‖2 = ‖ũ[n]‖2.

Let us now consider the subsystem ShGc as in Fig. 4. Suppose that [A,B,C, 0] is a realization of ϕ(s) with
state function x(t), that is: {

ẋ(t) = Ax(t) + Bf(t)
v(t) = Cx(t).

For 0 < t1 < t2 < ∞, we can compute the future state value x(t2) from a previous one x(t1) as follows:

x(t2) = e(t2−t1)Ax(t1) +

∫ t2

t1

e(t2−τ)ABf(τ)dτ . (2)

We define linear operators B0,B1 and B2 taking inputs u(t) ∈ K as follows:

B0u =

∫ h

0

e(h−τ)ABu(τ)dτ

Biu = C

∫ h−di

0

e(h−di−τ)ABu(τ)dτ, i = 1, 2.

Applying Eq. (2) using t1 = nh and t2 = (n + 1)h we get:

x((n + 1)h) = ehAx(nh) +

∫ (n+1)h

nh

e((n+1)h−τ)ABf(τ)dτ

= ehAx(nh) + B0f̃ [n].



Similarly, applying Eq. (2) with t1 = nh and t2 = (n + 1)h − di, for i = 1, 2, we get:

x((n + 1)h − di) = e(h−di)Ax(nh) +

∫ (n+1)h−di

nh

e((n+1)h−di−τ)ABf(τ)dτ

=⇒ vi((n + 1)h) = Cx((n + 1)h − di)

= Ce(h−di)Ax(nh) + Bif̃ [n].

Let xd[n] = [x(nh), v1(nh), v2(nh)]T , then we obtain the discrete-time system from input f̃ [n] = Lh

(
f(t)

)
)

to output
[
y[n], y1[n], y2[n]

]T
=

[
v(nh), v1(nh), v2(nh)

]T
as:

xd[n + 1] =




ehA 0 0
Ce(h−d1)A 0 0
Ce(h−d2)A 0 0




︸ ︷︷ ︸
Ad

xd[n] +




B0

B1

B2




︸ ︷︷ ︸
Bid

f̃ [n] (3)




y[n]
y1[n]
y2[n]


 =




C 0 0
0 1 0
0 0 1




︸ ︷︷ ︸
Cd

xd[n]. (4)

The system ShGc is hence equivalent to the infinite-dimensional discrete-time system

Gid = [Ad,Bid, Cd, 0].

3.2. Equivalence of E to finite-dimensional discrete-time system

The next step is to convert this infinite-dimensional discrete system Gid into some finite-dimensional discrete-
time system Gd. We define adjoint operators B∗

0,B
∗
1,B

∗
2 of B0,B1,B2 respectively as follows:

(B∗
0x)(t) = BT e(h−t)AT

x,

(B∗
i x)(t) = 1[0,h−di)B

T e(h−di−t)AT

CT x, i = 1, 2.

Hence, the adjoint operator of Bid = [B0 B1 B2]
T is B∗

id = [B∗
0 B∗

1 B∗
2]. Lemma 3.2 provides a formula to

compute the norm of Bid.

Lemma 3.2. The linear operator Σ = BidB
∗
id is characterized by the following matrix:

Σ =




M(h) ed1AM(h − d1)C
T ed2AM(h − d2)C

T

CM(h − d1)e
d1AT

CM(h − d1)C
T Σ12

CM(h − d2)e
d2AT

ΣT
12 CM(h − d2)C

T


 ,

in which

Σ12 = Ce(max{d1,d2}−d1)AM(h − max{d1, d2})e
(max{d1,d2}−d2)A

T

CT

M(t) :=

∫ t

0

eτABBT eτAT

dτ.

Remark 2. M(t) can be efficiently computed as:13

M(t) = FT
22(t)F12(t),[

F11(t) F12(t)
0 F22(t)

]
:= exp

([
−A BBT

0 AT

]
t

)
.
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Figure 5. The H∞-norm equivalent discrete-time system Ed of the original hybrid error system E . Here Hi(z), (i = 0, 1, 2),
are rational transfer functions defined in Eq. (6). The input u[n] is a multiple dimensional signal.

The Matlab command expm can be used to numerically compute the exponential of a matrix.

Note that although Bid has infinite columns, the matrix BidB
∗
id is a square matrix of finite dimension. Hence

we can find some square root matrix Bd of BidB
∗
id, that is Bd satisfying:

BdB
∗
d = BidB

∗
id. (5)

A simple Matlab command sqrtm does this trick. The matrix Bd can also be any Choleski matrix of BidB
∗
id

(using the Matlab command chol).

We have Proposition 1 proving that the finite-dimensional discrete-time system Gd(z) = [Ad, Bd, Cd, 0] is
equivalent to the continuous part ShGc of E .

Proposition 1. The discrete-time system Gd(z) = [Ad, Bd, Cd, 0] has the same H∞-norm with ShGc:

‖Gd‖∞ = ‖ShGc‖∞.

Proof. See [4, Section 10.5].

The system Gd(z) = [Ad, Bd, Cd, 0] is a discrete-time equivalence of the continuous part ShGc in Eq. (1). In
the following, we will derive a the discrete-time system equivalence Ed of the original hybrid system E .

We observe that the matrix Cd in Eq. (4) has three rows. Let Cd = [C0, C1, C2]
T . We also denote [Ai, Bi, Ci, 0]

a state-space realization of Hi(z) for i = 0, 1, 2. (It can be easily verified that the D-matrices of Hi(z) are 0 for
i = 0, 1, 2). Thus:

H0(z) = [A0, B0, C0, 0] = z−mC0(zI − Ad)
−1Bd

Hi(z) = [Ad, Bd, Ci, 0] = Ci(zI − Ad)
−1Bd, i = 1, 2.

(6)

Hence Hi(z), (i = 0, 1, 2), are rational transfer functions taking multiple inputs. The error system E is
equivalent to the multi-input one-output discrete-time system Ed(z) illustrated in Fig. 5.

4. EQUIVALENCE OF E TO A LINEAR TIME INVARIANT SYSTEM

The system Ed in Fig. 5 is discrete-time, but it is not linear time invariant (LTI) because of the presence of
multirate operators (↑ 2), (↓ 2). In this section, we want to modify Ed to an equivalent system that is LTI by
using polyphase techniques.18,19 Readers are referred to17 for another technique to modify E to an LTI system.

We introduce polyphase matrices Q(z) and K(z) for analysis filters H1(z),H2(z) and synthesis filters
F1(z), F2(z), and polyphase components H00(z),H01(z) of H0(z) as:

[
H1(z)
H2(z)

]
= Q(z2)

[
I
zI

]

[F1(z) F2(z)] = [1 z−1] K(z2)

H0(z) =
[
H00(z

2) H01(z
2)

] [
I
zI

]
,



ω[n] W(z)

Q(z) K(z)

−

ε[n]

Figure 6. The equivalent LTI error system. Note that the system is multi-inputs (say of dimension N) two outputs
(ω[n] ∈ R

N , ε[n] ∈ R
2), the transfer matrices W(z),Q(z) are of dimension 2 × 2N , and K(z) is 2 × 2.

in which I is the identity (square) matrix having the same number of rows as Bd. The discrete error system Ed

can be described as:

Ed = H0(z) − [F1(z) F2(z)]

[
(↑ 2) 0

0 (↑ 2)

] [
(↓ 2) 0

0 (↓ 2)

] [
H1(z)
H2(z)

]

=
[
(↑ 2) z−1(↑ 2)

] {[
H00(z) H01(z)
zH01(z) H00(z)

]
− K(z) Q(z)

} [
(↓ 2)I
(↓ 2)zI

]
.

Since operators
[
(↑ 2) z−1(↑ 2)

]
and

[
(↓ 2)I
(↓ 2)zI

]
are both norm-preserving on l2, we can conclude that:

‖Ed‖∞ = ‖W(z) − K(z)Q(z)‖∞,

in which:

W(z) =

[
H00(z) H01(z)
zH01(z) H00(z)

]
. (7)

Fig. 6 shows the equivalent discrete-time, LTI error system. The state-space realizations of Q(z) and W(z)
are given in Proposition 2.

Proposition 2. The original error system E has an H∞-norm equivalent discrete-time, LTI error system as
shown in Fig. 6:

‖E‖∞ = ‖W(z) −K(z)Q(z)‖∞, (8)

in which Q(z) is the polyphase representation of analysis filters H1(z),H2(z), and W(z) is given in Eq. (7). The
state-space realizations of Q(z) and W(z) are given by:

Q(z) :=

[
Aq Bq

Cq Dq

]
=




A2
d AdBd Bd

C1 0 0
C2 0 0


 , (9)

W(z) :=

[
Aw Bw

Cw Dw

]
=




A2
0 A0B0 B0

C0 0 0
C0A0 C0B0 0


 (10)

Proof. See17 for the proof of a similar proposition.

5. DESIGN OF IIR FILTERS

Designing K(z) to minimize the H∞ norm of the system [W(z) − K(z)Q(z)] is a standard problem in H∞ opti-
mization.8,9, 17 The solutions to the problem has existing software, such as Matlab’s Robust Control Toolbox,5

to facilitate the optimization process. The key command in Matlab to find the synthesis system K(z) is hinfsyn.
Note that this command operates in continuous-time domain, hence we need to convert the discrete-time H∞

problem into a continuous-time one using bilinear transformation.4

We note furthermore that the H∞ optimization tool in Matlab uses the form described in Fig. 7. The system
P(z) is computed based on W(z) and Q(z) as in Step 5 in the design procedure subsequently outlined.
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Figure 7. The final error model E(z) (from ω[n] to ε[n]) used to design synthesis system K(z).

5.1. Design Procedure

• Inputs: Transfer function ϕ(s), the delays d1, d2 > 0, the delay tolerance m ≥ 0 and the sampling rate
h > 0.

• Outputs: Synthesis IIR filters F1(z), F2(z).

1. Compute a state-space realization [A,B,C, 0] of ϕ(s).

2. Compute the system Gd = [Ad, Bd, Cd, 0] as in Eq. (3), (4), (5).

3. Compute a state-space realization of Hi(z) as in Eq. (6) for i = 0, 1, 2.

4. Compute the state-space realization of Q(z) and W(z) as in Eq. (9) and in Eq. (10).

5. Compute the state-space realization of P(z) from Q(z) and W(z):

P(z) :=

[
Ap Bp

Cp Dp

]
=




Aw 0
0 Aq

Bw 0
Bq 0

Cw 0
0 Cq

Dw −I
Dq 0


 . (11)

6. Design system K(z) to minimize the H∞ norm of the system from ω[n] to ε[n] in Fig. 7.

7. Obtain F1(z), F2(z) from K(z) by:

[F1(z) F2(z)] = [1 z−1] K(z2). (12)

5.2. Experimental results

We present the experimental results for the following setting:

• The point spread function ϕ(s) = ω2
c/(s + ωc)

2, for ωc = 0.5.

• A step function as input: f(t) = fτ (t) =

{
0, t < τ
1, t ≥ τ

• m = 10, h = 1, d1 = 0.2, d2 = 0.6.

Fig. 8 shows the magnitude and phase response of synthesized filters F1(z) (dashed), and F2(z) (solid). It is
quite interesting to note that the synthesized filters are nearly linear phase.

In Fig. 9, we plot the error e[n] (solid) against the desired output y[n] (dashed) with input f(t). Note that
the system is designed without any knowledge nor assumption (such as bandlimitedness) on the input signals (in
this case, the step function f(t) is not bandlimited). We can see that the error is small compared to the desired
output y[n]. The H∞-norm of the system is ‖E‖∞ ≈ 3.33%.
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Figure 8. The magnitude and phase response of synthesized filters F1(z) (dashed), and F2(z) (solid).
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Figure 9. The error e[n] (solid) plotted against the desired output y[n] (dashed). The input f(t) is a step function. The
H∞-norm of the system is ‖E‖∞ ≈ 3.33%.
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Figure 10. Comparison of the error of the proposed method (solid line) and the error of a traditional technique using the
sinc function and interleaving (dotted line). We can see that the proposed method outperforms the traditional method,
especially around the discontinuities.

Fig. 10 shows a comparison of the error of the proposed method (solid line) and the error of a traditional
method using the sinc function for each channel separately and then interleaving the channels altogether (dotted
line). We can see that the proposed method outperforms the traditional method, especially around the discon-
tinuities where energy of high frequencies reside. Measurements confirm our observation: the proposed method
outperforms the traditional one (with l2 norm 0.0011 and 0.0201, respectively).

5.3. Application to images

We apply the proposed design method to a special case of the image superresolution problem in a separable
fashion. Suppose that we want to approximate the desired high resolution image y[m,n] = (f ∗ϕ)(mh, nh) using
4 low resolution images yij [m,n] = (f ∗ ϕ)(2mh + dxi, 2nh + dyj), i, j = 1, 2. In our paper we use the same ϕ(s)
as in Section 5.2 and h = 1, dx1 = 0.3, dx2 = 0.7, dy1 = 0.4, dy2 = 0.6.

Fig. 11 shows the reconstructed image ŷ[m,n] compared to the desired image y[m,n]. The SNR of the
reconstructed image ŷ[m,n] is about 43.95 dB. We can see the advantage of using H∞ optimization: the
reconstruction errors are small even with inputs having high frequency components, that enhances the visual
quality of the reconstructed images.

6. CONCLUSIONS

We present a technique to reconstruct a signal from a periodic nonuniform set of samples. Unlike many traditional
signal processing methods, we propose to minimize the H∞-norm of the error system. As a consequence, the
induced error is uniformly small over all (band-limited or band-unlimited) input signals f(t) ∈ L2. Moreover,



the proposed method uses techniques in control theory to find for systems with fractional delays H∞-norm
equivalent discrete-time systems. Hence, the proposed method enhances the results comparing to traditional
methods approximating fractional delays using IIR or FIR filters.

A generalization of the method presented in this paper will be submitted for publication in the near future.
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(a) The desired image

(b) The reconstructed image

Figure 11. The desired image y[m, n] (a) and the reconstructed image ŷ[m, n] (b). SNR ≈ 43.95 dB. We can see
the advantage of using H∞ optimization: the reconstruction errors are small even with inputs having high frequency
components, that enhances the visual quality of the reconstructed images.


