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Hybrid Filter Banks with Fractional Delays:
Minimax Design and Application to
Multichannel Sampling
Ha T. Nguyen and Minh N. Do

Abstract—This paper is motivated by multichannel sampling
applications. We consider a hybrid filter banks consisting of a set
of fractional delays operators, slow A/D converters with different
antialiasing filters, digital expanders, and digital synthesis filters
(to be designed). The synthesis filters are designed to minimize
the maximum gain of a hybrid induced error system. We
show that the induced error system is equivalent to a digital
system. This digital system enables the design of stable synthesis
filters using existing control theory tools such as model-matching
and linear matrix inequalities. Moreover, the induced error is
robust against delay estimate errors. Numerical experiments
show the proposed approach yields better performance compared
to existing techniques.
Index Terms—Multichannel sampling, sampled-data control,
H∞ optimization, model-matching, linear matrix inequality,
polyphase, fractional delay, filter design, hybrid filter banks.
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Fig. 1.
(a) The desired high-rate system, (b) the low-rate system. The
fast-sampled signal y0 [n] can be approximated using slow-sampled signals
N
{xi [n]}i=1 .

I. I NTRODUCTION
This paper is motivated by multichannel sampling applications. Figure 1(a) shows the model of a fast analog-to-digital
(A/D) converter used to obtain a desired high-resolution signal.
An analog input signal f (t) is convolved with an antialiasing
filter φ0 (t) (also known as the sampling kernel function)
whose Laplace transform is Φ0 (s). The output of the convolution is then sampled at small sampling interval h. The desired
high-resolution signal is denoted by y0 [n] = (f ∗ φ0 ) (nh) for
n ∈ Z.
Figure 1(b) depicts how actual low-resolution signals
{xi [n]}N
i=1 are sampled using slow A/D converters. The same
analog input f (t) is sampled in parallel using N slow A/D
converters. In the i-th channel, for 1 ≤ i ≤ N , the input
f (t) is first convolved with a function φi (t) (with Laplace
transform Φi (s)) before being delayed by Di > 0 (to
compensate for different time arrivals). The low-rate signals
xi [n] = (f ∗ φi ) (nM h − Di ), for n ∈ Z, can be used to
synthesize the high-resolution signal y0 [n] of Fig. 1(a).
The goal of the paper is to design an N -input M output digital system F (z), see Fig. 2, that synthesizes
the high-resolution signal y0 [n] using low-resolution signals
{xi [n]}N
i=1 . This implementation can be done in parallel in
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Fig. 2. Approximation of the high-resolution signal from low-resolution
signals using an N -input M -output digital system F (z) and interleaving its
outputs. This polyphase structure is used for its efficiency and its ability to
keep the computation in low-rate.

the same clock speed of slow A/D converters; the highrate output is obtained only at the final step by interleaving
samples (also known as a polyphase transform [28], [29]).
More specifically, we minimize the errors (using a criterion
defined later) of a hybrid induced error system K shown in
Fig. 3, where {Fi (z)}N
i=1 are equivalent synthesis filters such
that their M × N polyphase matrix is F (z) of Fig. 2:
[F1 (z) F2 (z) . . . FN (z)] = [1 z −1 . . . z −M+1 ]F (z M ). (1)

Note that the high-rate signal y0 [n] is approximated with
a delay of m0 samples. Among components of K, the transfer functions {Φi (s)}N
i=0 characterize antialiasing filters, and
delays {Di }N
model
system setup such as arrival times or
i=1
sampling positions. We assume that, through construction and
calibration, information about the sampling kernel functions
N
{Φi (s)}N
i=0 and delays {Di }i=1 are available. In such case, we

2

f (t)

y0 [n]

Φ0 (s)

Sh

e−D1 s

Φ1 (s)

Sh

↓M

...

...

...

...

e−DN s

ΦN (s)

Sh

↓M

x1 [n]

xN [n]

z −m0

↑M

F1 (z)

...

...

↑M

FN (z)

−

yb0 [n]

e[n]

Fig. 3. The hybrid induced error system K with analog input f (t) and digital output e[n]. We want to design synthesis filters {Fi (z)}N
i=1 based on the
N
transfer function {Φi (s)}N
i=0 , the fractional delays {Di }i=1 , the system delay tolerance m0 , the sampling interval h, and the super-resolution rate M to
minimize the H∞ norm of the induced error system K. Note that the synthesis filter bank is shown here in parallel structure with filters {Fi (z)}N
i=1 for
symmetry, but for actual implementation it is more efficient to use polyphase structure with F (z) as shown in Fig. 2.

want to design a corresponding optimal synthesis polyphase
matrix F (z), or equivalently a filter bank {Fi (z)}N
i=1 , so that
the resulting system depicted in Fig. 3 can be subsequently
put in operation for arbitrary input signals f (t). A special case
of this multichannel sampling setup is called time-interleaved
A/D converters where Φi (s) = Φ0 (s) and Di = ih for
i = 1, 2, . . . , N . Then the synthesis filter bank can simply
interleave samples, i.e. Fi (z) = z i . Multichannel sampling
extends time-interleaved A/D converters by allowing mismatch
in sampling kernels before slow A/D converters [8]. Moreover,
in many cases, the time delays {Di }N
i=1 , although they can be
measured [2], [14], [15], [30], cannot be controlled. Under
these conditions, the multichannel sampling setup studied in
this paper can be ideally applied.
We note that many practical systems, such as electrical,
mechanical, and electromechanical systems, can be modeled
by differential equations [18, Chapter 1]. Their Laplace transforms are thus rational functions of form A(s)/B(s) for some
polynomials A(s) and B(s). In the contrary, fractional delay
operators e−Di s are never rational if Di 6= 0, though when
Di is an integer multiple of h, operator e−Di s can be pushed
after the sampling operator Sh to become an integer delay (in
the digital domain). Working with fractional delay operators
e−Di s is necessary, though nontrivial, to keep intersample
behaviors of the input signals.
Problem formulation. We consider the hybrid system K
illustrated in Fig. 3. The H∞ norm of K is defined as
n kek o
2
kKk∞ := sup
,
(2)
kf k2
f ∈L2 ,f 6=0

where kek2 is the l2 norm of e[n] and kf k2 is the L2 norm
of f (t). We want to design (IIR or FIR) synthesis filters
{Fi (z)}N
i=1 to minimize kKk∞ . The inputs of our algorithms
consist of the strictly proper transfer functions {Φi (s)}N
i=0 , the
positive fractional delays {Di }N
,
the
system
delay
tolerance
i=1
m0 ≥ 0, the sampling interval h > 0, and the upsampling-rate
M ≥ 2.
In the design of the synthesis filter {Fi (z)}N
i=1 , the system
performance is evaluated using the H∞ approach [9], [12],
[26]. In the digital-domain, we work on the Hardy space
H∞ that consists of all complex-value transfer matrices G(z)
which are analytic and bounded outside of the unit circle

|z| > 1. Hence H∞ is the space of transfer matrices that
are stable in the bounded-input bounded-output sense. The
H∞ norm of G(z) is defined as the maximum gain of the
corresponding system. If a system G, analog or digital, has
input u and output y, the H∞ norm of G is [9]
n
o
kGk∞ = sup kyk2 : y = Gu, kuk2 = 1 ,
(3)

where the norms are regular Euclidean norm k·k; that is,
!1/2
∞
X
2
kxk2 =
kx[n]k
n=−∞

for digital signals x[n], and
Z ∞
1/2
2
kxk2 =
kx(t)k dt
−∞

for analog signals x(t).
The use of H∞ optimization framework, originally proposed by Shenoy et al. [25] for filter bank designs, offers
powerful tools for signal processing problems. In our case,
using the H∞ optimization framework, the induced error is
uniformly small over all finite energy inputs f (t) ∈ L2 (R)
(i.e., kf (t)k2 < ∞). Furthermore, no assumptions of f (t),
such as band-limitedness, are necessary. We minimize the
worst induced error over all finite energy inputs f (t). This
is important since many practical signals are not bandlimited
such as images with discontinuities at edges [27]. Finally,
since H∞ optimization is performed in the Hardy space, the
designed filters are guaranteed to be stable.
The paper’s main contributions are twofold. First, we use
sampled-data control techniques to convert the design problem
for K into a H∞ norm equivalent finite-dimensional modelmatching problem. The conversion enables the design synthesis filters, IIR or FIR, to minimize the H∞ norm of K.
The norm equivalence property reduces the induced errors
compared to methods that approximate the fractional delays
by IIR or FIR filters [17], [24], [32], [16]. IIR synthesis
filters are designed using available solutions to the modelmatching problem [9], [12]. To design FIR filters, we use
linear matrix inequality (LMI) methods [1], [3]. Although FIR
filter designs using LMI methods have been proposed for other
problems [31], [21], [22], to our knowledge, only IIR filter
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designs are proposed for related problems [23], [14], [26],
[4]. The second main contribution, shown in Section V, is
the robustness of the designed induced error system K against
delay estimate errors.
Related work. Herley and Wong addressed the problem of
the sampling and reconstruction of an analog signal from a
periodic nonuniform set of samples assuming that the input
signals have fixed frequency support [13]. Marziliano and
Vetterli also addressed the problem of reconstructing a digital
signal from a periodic nonuniform set of samples using Fourier
transform [20]. However, in both cases, the authors only
considered a restricted set of input signals that are bandlimited.
Moreover, they only considered rational delays, that is, the
set of samples is the set left after discarding a uniform set
of samples in a periodic fashion (the ratio between the delays
and the sample intervals is a rational number, hence the name
rational delays). Jahromi and Aarabi considered the problem of
estimating the delays {Di }N
i=1 and of designing analysis and
synthesis filters to minimize the H∞ norm of an induced error
system [14]. However, the authors only considered integer
delays or approximation of fractional delays by IIR or FIR
filters. Shu et al. addressed the problem of designing the
synthesis filters for a filter bank to minimize the H∞ norm
of an induced system [26]. Their problem was similar to
the problem considered in this paper, except that it did not
consider the fractional delays but a rational transfer function
instead. Nagahara et al. synthesized IIR and FIR filters to
approximate fractional delays using H∞ optimization [21],
[22]. Although their problem is not multirate, the result therein
can be considered as a special case of our problem when
M = N = 1.
Throughout this paper, we adopt the following conventions.
An (analog or digital) single-input single-output transfer function G is written in regular font, an (analog or digital) multiinput and/or multi-output G is written in bold, and a hybrid
system G is written in calligraphic font. The notation
G=



A
C

B
D



or G = {A, B, C, D}

(4)

is used to denote a state-space representation of a system G,
that is G(s) = D + C(sI − A)−1 B for an analog system or
G(z) = D+C(zI −A)−1 B for a digital system [12]. We write
scalars in regular font as x, and vectors in bold as x. In our
figures, solid lines illustrate analog signals, and dashed lines
are intended for digital ones. We denote Sh for the sampling
operator by h; i.e. Sh {v(t)}[n] = v(nh).

The remainder of this paper is organized as follows. In
Section II, we show that the design problem is equivalent to
a model-matching problem. Design procedures for IIR and
FIR synthesis filters are presented in Section III and IV,
respectively. Robustness of the designed system against delay
estimates is presented in Section V. We show experimental results in Section VI. Finally, we give conclusion and discussion
in Section VII.
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Fig. 4. The hybrid (analog input digital output) subsystem G of K. Note
that the sampling interval of all channels is h.

II. E QUIVALENCE

OF K TO A M ODEL -M ATCHING
P ROBLEM

In this section, we show that there exists a finite-dimensional
digital linear time-invariant system K that has the same
H∞ norm with K. We demonstrate this in three steps. In
Section II-A, we convert K into an infinite-dimensional digital
system. Next, in Section II-B, we convert the system further
into a finite-dimensional system K d . Finally, in Section II-C,
we convert K d into a linear time-invariant system.
A. Equivalence of K to a digital system

The idea is to show that the hybrid subsystem G (see Fig. 4)
of K is H∞ norm equivalent to a digital system. In Fig. 4,
N
we denote {di }N
i=1 the fractional parts of {Di }i=1 . In other
words, we have 0 ≤ di < h and mi ∈ Z such that
Di = mi h + di

(1 ≤ i ≤ N ).

(5)

In our mathematical derivation, mi , and hence Di , for 1 ≤
i ≤ N , can be negative, though in many practical applications,
Di are strictly greater than zero. Note that by working with
system G, we need to compensate for the difference between
e−Di s and e−di s . These differences are analog delay operators
e−mi hs that can be interchanged with the sampling operators
Sh to produce digital integer delay operators z −mi .
To find a H∞ norm equivalent digital system for G, we
adopt a divide-and-conquer approach: each channel of G will
be shown to be H∞ norm equivalent to a digital system.
Since Φ0 (s) is strictly proper, there exist state-space matrices
{A0 , B0 , C0 , 0} and state function x0 (t) such that

ẋ0 (t) = A0 x0 (t) + B0 f (t)
v0 (t) = C0 x0 (t).
For 0 ≤ t1 < t2 < ∞, we can compute the future state
value x0 (t2 ) from a previous state value x0 (t1 ) as follows:
Z t2
e(t2 −τ )A0 B0 f (τ )dτ . (6)
x0 (t2 ) = e(t2 −t1 )A0 x0 (t1 ) +
t1

Define linear operator Q0 taking inputs u(t) ∈ L2 [0, h) as
Z h
(7)
Q0 u =
e(h−τ )A0 B0 u(τ )dτ.
0

Applying (6) using t1 = nh and t2 = (n + 1)h we get
x0 ((n + 1)h) = ehA0 x0 (nh) + Q0 fe[n],

(8)
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where fe[n] denotes the portion of f (t) on the interval
[nh, nh + h) translated to [0, h). In other words, we consider the analog signal f (t) as a sequence {fe[n]}n∈Z with
fe[n] ∈ L2 [0, h). The mapping from f (t) into {fe[n]}n∈Z is
called the lifting operator [5, Section 10.1]. Clearly, the lifting
operator preserves the energy of the signals, that is,
!1/2
∞
X
2
kf (t)k2 = kfek2 =
kfe[n]k
,
2

n=−∞

R (n+1)h
where kfe[n]k22 := nh
|f (t)|2 dt.
Let G0 be the hybrid subsystem of G with input f (t) and
output y0 [n] (see Fig. 4). An implication of (8) is that y0 [n] =
v0 (nh) can be considered as the output of a digital system with
input fe[n] and state xd0 [n] = x0 (nh) as follows:

xd0 [n + 1] = ehA0 xd0 [n] + Q0 fe[n]
y0 [n] = C0 xd0 [n].

Since the lifting operator preserves the norm, system G0 is
H∞ norm equivalent to the system G0 = {ehA0 , Q0 , C0 , 0}.
The same technique can be used for the remaining channels.
Let Gi , for 1 ≤ i ≤ N , be the hybrid subsystem of G with input
f (t) and output yi [n] (see Fig. 4). Suppose that {Ai , Bi , Ci , 0}
is a state-space realization of Φi (s) with state function xi (t).
We define linear operators Qi and Ri taking inputs u(t) ∈
L2 [0, h) as
Z h
(9)
Qi u =
e(h−τ )Ai Bi u(τ )dτ,
0

and
Ri u = Ci

Z

h−di

e(h−di −τ )Ai Bi u(τ )dτ.

(10)

0

Similar to (8), we can obtain
xi ((n + 1)h) = ehAi xi (nh) + Qi fe[n].

(11)

Applying (6) again with t1 = nh and t2 = (n + 1)h − di we
get
xi ((n + 1)h − di ) = e(h−di )Ai xi (nh) +
Z (n+1)h−di
e((n+1)h−di −τ )Ai Bi f (τ )dτ.
+
nh

Since vi (t) = Ci xi (t − di ) for all t, using t = (n + 1)h we
obtain
vi ((n + 1)h) = Ci e(h−di )Ai xi (nh) + Ri fe[n].

(12)

From (11) and (12) we see that yi [n] = vi (nh) can be
considered as the output
of a digital system with input fe[n]

xi (nh)
and state xdi [n] =
as follows:
vi (nh)





0
ehAi
Qi e


x
[n]
+
f [n]
x
[n
+
1]
=
 di
di

Ri
Ci e(h−di )Ai 0


| {z }
{z
}
|
Bi
Adi



x
[n].
y
[n]
=
[0,
1]
di
i


| {z }

Cdi

(13)

Since the lifting operator preserves the norm, system Gi is H∞
norm equivalent to the system Gi = {Adi , B i , Cdi , 0}.
Finally, we note that the system G is the vertical concatenation of subsystems {Gi }N
i=0 . Since each subsystem Gi is H∞
norm equivalent to the system Gi with the same input fe[n],
for 0 ≤ i ≤ N , the system G is also H∞ norm equivalent to
the vertical concatenation system G of subsystems {Gi }N
i=0 .
We summarize the result of this Section in Proposition 1.
Proposition 1: The system G is H∞ norm equivalent to the
infinite-dimensional digital system


Ad B
,
(14)
G=
Cd 0
where Ad , B, Cd

 Ad =
B =

Cd =

are determined as

diagN +1 ehA0 , Ad1 , . . . , AdN
[QT0 B T1 . . . B TN ]T
diagN +1 (C0 , [0, 1], . . . , [0, 1]).

(15)

In the above equations, and in the remainder of the paper,
we denote diagk (α1 , α2 , . . . , αk ) the matrix with αi in the
diagonal, for 1 ≤ i ≤ k, and 0 elsewhere, where {αi }ki=1 can
be scalars, vectors, or matrices.
B. Equivalence of K to a finite-dimensional digital system

Proposition 1 shows that G is H∞ norm equivalent to an
infinite-dimensional digital system G. Next, we convert G
further into some finite-dimensional digital system Gd .
Proposition 2: Let B ∗ be the adjoint operator of B and Bd
be a square matrix such that
Bd BdT = BB ∗ .

The finite-dimensional digital system Gd (z)
{Ad , Bd , Cd , 0} has the same H∞ norm with G:
kGd k∞ = kGk∞ .

(16)
⇔
(17)

Proof: The product BB ∗ is a linear operator characterized by a square matrix of finite dimension (the computation of
BB ∗ is given in Appendix). Hence Gd (z) ⇔ {Ad , Bd , Cd , 0}
is a finite-dimensional digital system. The proof of (17) can
be found in [5, Section 10.5].
Proposition 2 claims that, for all analog signals f (t), there
exists a digital signal u[n] having the same energy as f (t)
such that [y0 , . . . , yN ]T = Gd u. The dimension nu of u[n] is
equal to the number of rows of Ad (see Proposition 1), i.e.,
nu = n0 + n1 + . . . + nN + N,

(18)

where ni is the number of rows of Ai , for 0 ≤ i ≤ N . Since
we want to minimize the worst induced error over all inputs
f (t) of finite energy, we also need to minimize kGd k∞ for
all inputs u[n] (having the same energy with f (t)).
At this point, we take into account the integer delay operators {z −mi }N
i=0 to obtain a digital system K d that has the
same H∞ norm as K.
Proposition 3: Let Cdi be the i-th row of the (N + 1)-row
matrix Cd (see Proposition 1), and H i (z) be the multi-input
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Fig. 5. The H∞ norm equivalent digital system Kd of K (see Proposition 3).
Here {Hi (z)}N
i=0 are rational transfer functions defined in (19). Note that
the input u[n] is of nu dimension.
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W (z)

ep [n]
−
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Fig. 6. The equivalent LTI error system K(z) (see Theorem 1). Note that the
system K(z) is M nu input M output, the transfer matrices W (z), H(z)
are of dimension M × M nu , and F (z) is of dimension M × M .

single-output rational function that outputs yi [n] from input
u[n], for 0 ≤ i ≤ N . The system H i (z) can be computed as


Ad Bd
H i (z) = z −mi
(0 ≤ i ≤ N ).
(19)
Cdi 0
As a result, system K is equivalent to the multiple-input oneoutput digital system K d (z) illustrated in Fig. 5.
C. Equivalence of K to a linear time-invariant system

The finite-dimensional digital system K d is not linear timeinvariant (LTI) because of the presence of upsampling and
downsampling operators (↑M ), (↓M ). We apply polyphase
techniques [28], [29] to make K d an LTI system.
Let H 0,j (z), for 0 ≤ j ≤ M − 1, be the polyphase
components of filter H 0 (z). In other words,
H 0 (z) =

M−1
X

z j H 0,j (z M ).

(20)

j=0

We also denote up [n] and ep [n] the polyphase versions of
u[n] and e[n]. Note that kup k2 = kuk2 and kep k2 = kek2 .
Hence, by working in the polyphase domain, K d (z) is converted into an LTI system with the same H∞ norm.
Proposition 4: The digital error system K d (z) is equivalent
to the LTI system
K(z) = W (z) − H(z)F (z)

ep [n]

P (z)

(21)

with input up [n] and output ep [n]. In (21), H(z) and F (z) are
N
standard polyphase matrices of {H i (z)}N
i=1 and {F i (z)}i=1 ,
and

H 0,j−i (z)
if 1 ≤ i ≤ j ≤ M
(W (z))i,j =
(22)
zH 0,M+j−i (z) if 1 ≤ j < i ≤ M.
Proof: The proof uses standard polyphase techniques [28], [29], hence omitted here.
Figure 6 shows the equivalent digital, LTI error system
K(z). The transfer function matrix F (z) is to be designed.

Fig. 7. The induced error system K(z) of the form of the standard problem
in H∞ control theory with input up [n] output ep [n]. We want to design
synthesis system F (z) to minimize kKk∞ .

State-space realizations of H(z) and W (z) are given in
Theorem 1 using state-space realizations {AH i , BH i , CH i , 0}
of {H i (z)}N
i=0 (it can be easily verified that the D-matrix of
H i (z) is a zero-matrix).
Theorem 1: The original induced error system K has an
H∞ norm equivalent digital, LTI system K(z) = W (z) −
F (z)H(z) (see Fig. 6); that is,
kKk∞ = kW (z) − F (z)H(z)k∞ ,

(23)

where F (z) is the polyphase matrix of {Fi (z)}N
i=1 to be
designed. State-space realizations of W (z) and H(z) can be
computed as follows:
AW
BW
CW
(DW )ij

= AM
H0
M−2
= [AM−1
H 0 BH 0 , AH 0 BH 0 , . . . , BH 0 ]
T T
= [(CH 0 )T , (CH 0 AH 0 )T , . . . , (CH 0 AM−1
H0 ) ]

i−j−1
CH 0 AH 0 BH 0 if 1 ≤ j < i ≤ M,
=
.
0
else
(24)

and
AH
(BH )ij
CH
DH

M
diagN (AM
H 1 , . . . , AH 1 )
M−j
AH i BH i , for 1 ≤ i ≤ N, 1 ≤ j ≤ M
diagN (CH 1 , . . . , CH N )
0.
(25)

=
=
=
=

Proof: We give here the proof for (24). The proof for
Eq. (25) can be derived similarly. Consider the transfer function H 00 (z) in the block (1, 1) of W (z) (see Proposition 4):
H 00 (z) =

∞
X

iM−1
CH 0 AH
BH 0 z −i
0

i=1

=

∞
X
i=1

=




i−1 

M−1
z −i
B
A
CH 0 AM
H
0
H0
H0

AM
H0
CH 0

AM−1
H 0 BH 0
0



.

The state-space representation of the block (1, 1) of W (z)
is in agreement with (24). The same technique can be applied
for the remaining blocks.
III. D ESIGN OF IIR F ILTERS
A. Conversion to the standard H∞ control problem

The problem of designing F (z) to minimize kKk∞ (see
Fig. 6) has a similar form to the model-matching form which
is a special case of the standard problem in H∞ control
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theory [9], [12]. Figure 7 shows the system K(z) in the
standard form. The system P (z) of Fig. 7 has a state-space
realization derived from ones of W (z) and H(z) as


BW 0
AW
0



AP BP
BH 0 
0
AH
 . (26)
=
 CW
CP DP
0
DW −I 
0
CH
DH
0
Solutions to the standard problem have existing software,
such as MATLAB’s Robust Control Toolbox [6], to facilitate
the optimization procedures.
B. Design procedure
Inputs: Rational transfer functions {Φi (s)}N
i=0 (strictly
proper), positive fractional delays {Di }N
,
i=1 the system
tolerance delay m0 ≥ 0, the sampling interval h > 0, the
superresolution rate M ≥ 2.
N
• Outputs: IIR synthesis filters {Fi (z)}i=1 or equivalently
polyphase matrix F (z).
1) Let Di = mi h + di for 1 ≤ i ≤ N as in (5).
2) Compute a state-space realization {Ai , Bi , Ci , 0} of
Φi (s) for 0 ≤ i ≤ N .
3) Compute the system Gd = {Ad , Bd , Cd , 0} as in Proposition 1 and 2.
4) Compute a state-space realization of H i (z), for 0 ≤ i ≤
N , as in Proposition 3.
5) Compute the state-space realization of W (z) and H(z)
as in (24) and in (25) of Theorem 1.
6) Compute the state-space realization of P (z) from H(z)
and W (z) as in (26).
7) Design a synthesis system F (z) using existing H∞
optimization tools.

•

IV. D ESIGN

OF

In this section, we present a design procedure to synthesize
FIR filters {Fi (z)}N
i=1 . For some practical applications, FIR
filters are preferred to IIR filters for their robustness to noise
and computational advantages.
We first derive a state-space realization {AF , BF , CF , DF }
of the polyphase matrix F (z) of {Fi (z)}N
i=1 based on the
coefficients of {Fi (z)}N
.
Assuming
that
the synthesis FIR
i=1
filters {Fi (z)}N
are
of
maximum
length
nM
> 0, for 1 ≤
i=1
i ≤ N , we denote
Fi (z) = di0 + di1 z −1 + di2 z −2 + . . . + di,nM−1 z −nM+1 ,

and
di,j+2M

vector Bn ∈ Rn are



0
1

..
 0 
. 

 , Bn = 
 ..  .
.. 


.
. 
0
0

Note that, given the number n, the matrices AF , BF do
N
not depend on {Fi (z)}N
i=1 . Hence, designing {Fi (z)}i=1
is equivalent to finding the matrices CF , DF to minimize K(z). The system K(z) has a state-space realization
{AK , BK , CK , DK } as follows:


BW
AW
0
0

 0
AH
0
BH
 . (28)
K=

 0
BF DH
BF CH
AF
CW −DF CH −CF DW − DF DH

We observe that the state-space matrices of K(z) depend
on CF , DF in a linear fashion. Hence we can use the linear
matrix inequalities (LMI) [3], [10] techniques to solve for the
matrices CF , DF .
Proposition 5: [22], [10] For a given γ > 0, the system
K(z) satisfies kKk∞ < γ if and only if there exists a positive
definite matrix P > 0 such that
 T

T
AK P AK − P ATK P BK
CK
T
T
T 
 BK
P AK
BK
P BK − γI DK
< 0.
(29)
CK
DK
−γI

For any γ > 0, Proposition 5 provides us with a tool
to test if kKk∞ < γ. Hence, we can iteratively decrease
γ until we get close to the optimal performance (within a
predefined performance tolerance). Available implementations
such as MATLAB’s LMI Control Toolbox [11] can facilitate
the design procedure.

FIR F ILTERS

A. Conversion to a linear matrix inequality problem

Cij = [di,j+M

where matrix An ∈ Rn×n and

0 ··· ···

 1 ...
An = 
 .. . .
..
 .
.
.
0 ···
1

...

di,j+(n−1)M ].

The polyphase system F (z) of {Fi (z)}N
i=1 has a state-space
realization {AF , BF , CF , DF } as

AF
= diagM (An , . . . , An )



BF
= diagM (Bn , . . . , Bn )
(0 ≤ i ≤ M − 1 and 1 ≤ j ≤ N )
 (CF )ij = Cji


(DF )ij = dji
(0 ≤ i ≤ M − 1 and 1 ≤ j ≤ N ),
(27)

B. Design procedure
Inputs: Rational transfer functions {Φi (s)}N
i=0 (strictly
,
proper), positive fractional delays {Di }N
i=1 the system
tolerance delay m0 ≥ 0, the sampling interval h > 0, the
superresolution rate M ≥ 2.
N
• Outputs: FIR synthesis filters {Fi (z)}i=1 or equivalently
polyphase matrix F (z).
1) Let Di = mi h + di , for 1 ≤ i ≤ N , as in (5).
2) Compute a state-space realization {Ai , Bi , Ci , 0} of
Φi (s) for 0 ≤ i ≤ N .
3) Compute the system Gd = {Ad , Bd , Cd , 0} as in Proposition 1 and 2.
4) Compute a state-space realization of H i (z), for 0 ≤ i ≤
N , as in Proposition 3.
5) Compute the state-space realization of W (z) and H(z)
as in (24) and in (25) of Theorem 1.
6) Design a synthesis system F (z) using Proposition 5.

•

V. ROBUSTNESS

AGAINST

D ELAY U NCERTAINTIES

The proposed design procedures for synthesis filters assume
perfect knowledge of the delays {Di }N
i=1 . In this section, we
show that the induced error system K obtains nearly optimal
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f (t)

e[n]

W

−
FΦ

∆

Fig. 8. The hybrid system K and the uncertainty operator ∆ caused by
delay estimate errors.

performance if the synthesis filters are designed using estib i }N sufficiently close to the actual delays {Di }N .
mates {D
i=1
i=1
We denote {δi }N
i=1 the delay jitters
b i,
δi = D i − D

i = 1, 2, . . . , N,

(30)

and δ be the maximum jitter
N

δ = max{|δi |}.

(31)

i=1

For convenience, we also define operators
−δ1 s

,...,e

−δN s

∆(s)

= diagN (e

),

Φ(s)

= diagN (Φ1 (s), . . . , ΦN (s)).

(32)
(33)

The induced error system K, see Fig. 3, can be rewritten as
in Fig. 8, where W represents the high-resolution channel of
K, and F signifies the hybrid MIMO system composed of the
b
delay operators {e−Di s }N
i=1 , the sampling operators SMh , the
synthesis filters {Fi (z)}N
i=1 , and the summation of all the low
resolution channels. The uncertainty operator ∆ only affects
the low-resolution channels:
K = W − FΦ∆.



σmax [Φ(jω)] ≤ CΦ /
σmax [Φ(jω)] ≤ CΦ

p
|ω|

if |ω| > ω
if |ω| ≤ ω,

(36)

where CΦ is a constant depending on ω and {Φi }N
i=1 .
Proof: To show (35), observe that


I − ∆(jω) · I − ∆∗ (jω)

=

diagN (2 − 2 cos(δ1 ω), . . .
. . . , 2 − 2 cos(δN ω)). (37)


Hence,
the singular values of the operator I − ∆(jω) are
p
{ 2 − 2 cos(δi ω)}N
i=1 . Using
1 − cos(x) ≤ |x|,

for some C > 0.
Proof: Let u = Φf and g = (I − ∆)u, then g = (Φ −
∆Φ)f . Hence:

kG(jω)k2 = k I − ∆(jω) Φ(jω)F (jω)k2

≤ σmax [I − ∆(jω)] · σmax [Φ(jω)] · kF (jω)k2 .

Using the result of Lemma 1 for ω > ω we derive
Z
C2
kG(jω)k22 dω ≤
2δ|ω| · Φ · kF (jω)k22 dω
|ω|
|ω|>ω
|ω|>ω

Z

≤

x ∈ R,

(38)

that can be easily verified, we indeed prove (35).
To show (36), it is sufficient to note that Φ(jω) is a diagonal
operator with strictly proper rational functions in the diagonal.
Its maximum singular values hence decay at least as fast as

4πδCΦ2 · kf k22 .

(40)

Similarly, for ω ≤ ω, we can obtain
Z
Z
kG(jω)k22 dω ≤
2δ|ω| · CΦ2 · kF (jω)k22 dω
|ω|≤ω

≤

|ω|≤ω
4πδCΦ2 ω

· kf k22 .

(41)

From (40) and (41) we can easily obtain
kgk2 ≤ C · kf k2 ,
for
C = 2CΦ

(34)

It is easy to see that all the operators of the above equation,
in particular F , have bounded H∞ norm. Let ω ∈ R+ be an
arbitrary, but fixed, positive number. The following Lemma
gives a bound for the singular values of I −∆(jω) and Φ(jω)
for each frequency ω.
Lemma 1: The maximum singular value of I − ∆(jω) and
Φ(jω) can be bounded as
q
(35)
σmax [I − ∆(jω)] ≤ 2δ|ω|,
and

O(|ω|−1 ) when |ω| > ω, and are bounded when |ω| ≤ ω,
which in fact implies (36).
We use the result of Lemma 1 to derive the bound for the
composite operator Φ − Φ∆ based on δ.
Proposition 6: The following inequality holds:
p
(39)
kΦ − Φ∆k∞ ≤ C δ,

p
(ω + 1).

(42)
(43)

Equation (42) indeed implies (39).
The following theorem shows the robustness of the induced
error system K against the delay jitters {δi }N
i=1 .
Theorem 2: In the presence of delay estimate errors, the
induced error system K is robust in the sense that its H∞
norm is bounded as
p
kKk∞ ≤ kW − FΦk∞ + δ · C · kF k∞ ,
(44)
where δ is the maximum jitters and CΦ is defined as in (36).
Proof: Indeed:
kKk∞

= kW − FΦ∆k∞

≤ kW − FΦk∞ + kF Φ − FΦ∆k∞
p
≤ kW − FΦk∞ + δ · C · kF k∞ .

A consequence of Theorem 2 is that the induced error
system K is robust against the delay estimate errors {δi }N
i=1 . In
fact, its performance is degraded from the design performance
kW√−FΦk∞ , in the worst case, by an additional term of order
O( δ).
VI. E XPERIMENTAL R ESULTS
We present in Section VI-A an example of FIR filter
design. Experiments on IIR filter design can be found in
our conference paper [23]. In Section VI-B, we compare the
performance of the proposed method to existing methods.
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Fig. 9. The magnitude and phase response of the transfer function Φ(s)
modeling the measurement devices. We use Φi (s) = Φ(s) for i = 0, 1, 2.

Fig. 11. The magnitude and phase response of synthesis FIR filters F1 (z)
(dashed), and F2 (z) (solid) designed using the proposed method.
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Fig. 10. The equivalent analysis filters H0 (z) of the first channel. Since
H0 (z) takes multiple inputs, in this case nu = 4 inputs, the i-th input is
passed through filter H0i (z) for 1 ≤ i ≤ 4.

A. Example of FIR filter design
The experimental setting is as follows:
• We use two channels to double the resolution; that is,
M = N = 2.
2
2
• All functions Φi (s) = ωc /(s + ωc ) for ωc = 0.5 and
i = 0, 1, 2. Fig. 9 plots the Bode diagram of the transfer
function Φi (s).
• Input signal is a step function:

0 t < 0.3
f (t) =
(45)
1 t ≥ 0.3.
m = 10, h = 1, D1 = 1.2, D2 = 0.6.
Maximum filter length is nM = 22.
In Fig. 10, we show the equivalent filters H 0 (z) of the
first channel. Note that H i (z), for i = 0, 1, 2, take multiple
inputs (in this case nu = 4 inputs, hence 4 filters for each
H i (z) are required). The magnitude and phase response of the
•

0.6

−0.2

0

5

10

15

20

25

30

35

40

sample
Fig. 12. The error e[n] (solid) plotted against the desired output y0 [n]
(dashed). The H∞ norm of the system is kKk∞ ≈ 4%.

designed filters F1 (z), F2 (z) are shown in Fig. 11. In Fig. 12,
we show the error e[n] of the induced system (solid) and the
desired output y0 [n] (dashed). The H∞ norm of the system
is kKk∞ ≈ 4%. Observe that the induced error e[n] is small
compared to the desired signal y0 [n].
We also test the robustness of K against jitters {δi }i=1,2 .
b 1 = 1.2h and D
b2 =
The synthesis filters are designed for D
0.6h, but the system uses inputs produced with jittered time
delays D1 , D2 . Figure 13 shows the H∞ norm of the induced
errors plotted against jitters in δ1 (solid) and δ2 (dashed). The
errors are observed to be robust against delay estimate errors.
Note that the intersection of two curves (where no jitter is
present) is not necessary a local minima of either curves.

•

B. Comparison to existing methods
We compare the proposed method to an existing method,
called the Sinc method. The Sinc method tested here approximates the fractional delay operator e−Ds by an FIR filter using
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TABLE I
P ERFORMANCE COMPARISON IN ROOT MEAN SQUARE ERROR (RMSE),
MAXIMUM ERROR (M AX ), AND STEADY- STATE ERROR (SS). T HE LENGTH
OF SYNTHESIS FILTERS ARE 23 FOR THE S INC METHOD AND 22 FOR THE
S EPARATION AND PROPOSED METHOD . F IRST THREE COLUMNS USE THE
STEP FUNCTION IN (45) AS INPUT. T HE LAST TWO COLUMNS USE INPUT
f (t) = cos(0.3t) + cos(0.8t).

0.054
0.052
0.05

kKk∞

0.048
0.046

Sinc
Separation
Proposed

0.044

RMSE1
0.0171
0.0029
0.0008

Max1
0.0765
0.0293
0.0023

SS
-0.0143
0.0018
0.0006

RMSE2
0.0689
0.0092
0.0019

Max2
0.1777
0.0506
0.0079

0.042
0.04
0.038
0.036
−0.2

−0.15

−0.1

−0.05

0

jitter

0.05

0.1

0.15

0.2

Fig. 13. The norm kKk∞ of the induced error system plotted against jitters
δ1 (solid) and δ2 (dashed). The system’s robustness against jitters δ1 and δ2
is guaranteed by Theorem 2.
The proposed method (solid) vs the Sinc method (dashed)
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Fig. 14. Performance comparison of the error of the proposed method (solid)
and of the Sinc method truncated to 23 taps (dotted).

the function sinc(x) = sin(πx)/(πx):

D
(sinc)
FD
[n] = sinc n −
,
2h

with |n| ≤ Ncutof f = 11. Hence tested filters of the Sinc
method are of 23 taps. Note that, in the formula above, the
sampling interval is 2h.
The Sinc method filters the low resolution signal x1 [n] by
(sinc)
the approximated FIR filter FD1
to get the even samples
of y0 [n], and filters the second low resolution signal x2 [n] by
(sinc)
the approximated FIR filter FD2 +h to get the odd samples of
y0 [n]. In other words, the high resolution signal is obtained
by interleaving individually filtered low resolution channels.
Figure 14 compares the error of the proposed method to
the error of the Sinc method. Both sets of synthesis filters
have similar length (length 23 for the Sinc method and length
22 for the proposed method). We observe that the proposed

method shows a better performance, especially around the
discontinuity.
The improved performance of the proposed technique in
Fig. 14 is due to two reasons. First, replacing fractional
N
delays {e−Di s }N
i=1 by equivalent analysis filters {H i (z)}i=1
enhances the results. Second, the use of H∞ optimization
allows the system to perform even for inputs that are not
necessarily bandlimited.
We also compare the proposed method to a second method,
called the Separation method. This method, similar to the Sinc
method above, obtains the high resolution signal by interleaving individually processed low resolution channels. What
distinguishes the Separation method from the Sinc method is
that the Separation method approximates the fractional delay
operator e−Ds by an FIR operator designed to minimize the
H∞ norm of an induced error system [22].
Figure 15 compares the error of the proposed method and
the Separation method, all synthesis filters are of length 22.
Again, the proposed method hence yields a better performance.
This is expected as the synthesis filters are designed together,
allowing effective joint processing of all low resolution signals.
Table I shows the comparison of the three methods for two
inputs of different characteristics: a step function as in (45) and
a bandlimited function f (t) = cos(0.3t)+cos(0.8t). Synthesis
filters of 23 taps are used for the Sinc method and of 22 taps
are used for the Separation and proposed methods. The errors
are compared in terms of the root mean square error (RMSE),
the maximum value (Max), and the average value in steadystate regime (SS) when the step function in (45) is used as
input. As observed in Fig. 14 and Fig. 15, in the steady-state
regime, the system errors are periodic (with period 2). Hence
the errors alternate between two values; the steady-state error
in Table I is computed as the average of these two values. As
can be seen, the proposed method consistently outperforms
existing methods.
Another method worth mentioning is the method proposed
by Shu et al. [26], in which digital synthesis filters are
designed to minimize the H∞ norm of a hybrid filter bank
with rational analysis filters. Both the method proposed by
Shu et al. and ours convert a hybrid system to a digital
system and using H∞ optimization to design the synthesis
filters. However, Shu el al. consider only rational analysis
filters whereas we consider fractional delays. Hence, Table I
also offers an indirect comparison of both methods, where
fractional delay operators are approximated as in the Sinc and
Separation methods.
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Lemma 2: The operator BB ∗ is a linear operator characterized by a symmetric matrix ∆ = (∆ij )N
i,j=0 with:

∗
Q0 Q0 ,
if i = j = 0


i
h


∗
∗
∗

if 0 = i < j
 Q0 B j = Q0 Qj Q0 Rj ,

∗
∗ 
∆ij =
Qi Qj Qi Rj

B i B ∗j =
, if 0 < i ≤ j

∗

R
Ri R∗j

i Qj

 T
∆ji ,
if i > j.

The proposed method (solid) vs the Separation method (dashed)
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error

0
−0.005

Each block ∆ij is composed by components of forms
Qi Q∗j , Qi R∗j and Ri R∗j that can be computed as:

−0.01
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Qi Q∗j = M ij (h)

−0.02
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Fig. 15. Error comparison between the proposed method (solid) and the
Separation method (dotted).

VII. C ONCLUSION

AND

D ISCUSSION

In this paper, we designed digital synthesis filters for a hybrid multirate filter bank with fractional delays, with potential
applications in multichannel sampling. We showed that this
hybrid system is H∞ -norm equivalent to a digital system.
The equivalent digital system then can be used to design
stable synthesis filters, using model-matching or linear matrix
inequality methods. We also showed the robustness of the
induced error system in the presence of delay estimate errors.
Experimental results confirmed the superior performance of
the proposed method compared to existing methods.
A limitation of the proposed method is the lack of an explicit
solution for the system F (z) or the synthesis filter {Fi (z)}N
i=1 .
This drawback can be compensated with the wide availability
of design implementations. Moreover, the design is performed
only once for all input signals.
For future work, we would like to investigate the relationship between the upsampling rate M and the number of low
resolution channels N to guarantee a predefined performance.
Another direction is to design synthesis filters taking into
account the uncertainties in the first place, using traditional
robust control techniques [7].
MATLAB code for filter design procedures and experiments
in this paper can be downloaded from the MATLAB Central
(www.mathworks.com/matlabcentral).
A PPENDIX
C OMPUTATION OF THE NORM

OF

BB ∗

We present how to compute the norm of the product BB ∗ .
N
The adjoint operators of {Qi }N
i=0 and {Ri }i=1 are:
(Q∗i x)(t)
(R∗i x)(t)

T

= BiT e(h−t)Ai x
=

T
1[0,h−di ) BiT e(h−di −t)Ai CiT x.

(46)
(47)

Hence, the adjoint operator of B i is B ∗i = [Q∗i , R∗i ] and the
adjoint operator of B is B ∗ = [Q∗0 , B ∗1 , . . . , B ∗N ]. Lemma 2
provides a formula to compute the product BB ∗ .

d j Aj

= e
(

Ri R∗j =

(48)

M ij (h −

dj )CjT

(dj −di )Ai

Ci e
Ci M ij (h −

where
M ij (t) :=

Z

t
0

(49)

M ij (h − dj )CjT ,
T
di )e(di −dj )Ai CjT ,

if di < dj
(50)
if di ≥ dj ,

T

eτ Ai Bi BjT eτ Aj dτ.

(51)

Proof: We show here the proof of (50), the proof of (48)
and (49) are similar. Consider the case di < dj . For any x of
appropriate dimension we have:
Z h−di


∗
e(h−di −τ )Ai Bi (R∗j x)(τ )dτ
Ri Rj x = Ci
0


=
Ci e(dj −di )Ai M ij (h − dj )CjT x.
Hence if di < dj we indeed verify:

Ri R∗j = Ci e(dj −di )Ai M ij (h − dj )CjT .
The proof is similar for the case where di ≥ dj .
Finally, note that M ij (t) can be efficiently computed
as [19]:
M ij (t) = eAi t π12 (t),
where π12 (t) is the block (1, 2) of the matrix:

 


−Ai Bi BjT
π11 (t) π12 (t)
t .
= exp
0
π22 (t)
0
ATj
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